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Abstract— We investigate the performance of mixed free-space
optical (FSO)/millimeter-wave (mmWave) relay networks with
interference at the destination. The FSO/mmWave channels
are assumed to follow Málaga-M/generalized-K fading models
with pointing errors in the FSO link. The H-transform theory,
wherein integral transforms involve Fox’s H-functions as kernels,
is embodied to unifying the performance analysis framework that
encompasses closed-form expressions for the outage probability,
the average bit error rate (BER), and the average capacity.
By virtue of some H-transform asymptotic expansions, the high
signal-to-interference-plus-noise ratio (SINR) analysis reduces to
easy-to-compute expressions for the outage probability and BER,
which reveals inside information for the system design. We finally
investigate the optimal power allocation strategy that minimizes
the outage probability.

Index Terms— Mixed FSO-millimeter wave relay network,
cochannel interference (CCI), Málaga-M fading, shadowing,
pointing errors, power allocation.

I. INTRODUCTION

M ILLIMETER wave (mmWave) small-cell concept is
envisioned to enable extremely high data rates and

ubiquitous coverage through the resources reuse over smaller
areas and the huge amount of available spectrum. One sig-
nificant concern in the deployment of such networks is back-
hauling in order to handle the unprecedented data traffic surge
between all small cells across the network. Recently, due to its
cost-efficient and high data rate capabilities and immunity to
interference, the current perspectives advocate the use of free-
space optics (FSO) technology as a promising solution for con-
structing low-cost backhaul for small-cells. In this perspective,
relay-assisted FSO-based backhaul framework and mmWave-
based access links, where relays are applied as optical to
radio frequency (RF) “converter” to assist the communications
of small cells, is considered as a powerful candidate to
provide high-data rate reliable communications in high-density
heterogeneous networks [1], [2]. Nevertheless, several hurdles
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must be overcome to enable mixed FSO/mmWave commu-
nications and make them work properly. One of the major
challenges facing the application of FSO communication is
its vulnerability to atmospheric turbulence and strong path-
loss [3]. On the RF side, on the other hand, the mmWave
signals can be blocked due to shadowing thereby inferring
coverage holes that prevent mmWave communication from
delivering uniform capacity for all users in the network [4].
Moreover, in ultra-dense cellular networks, the mmWave RF
interference issue may arise when the signals emitted from a
large number of unintended transmitters are captured by the
beam at an intended receiver via line-of-sight (LOS) and/or
reflection paths, thereby critically exacerbating the link quality
deterioration [5].

A. State-of-the Art and Motivation

In recent years, understanding the fundamental performance
limits of mixed FSO/RF systems has attracted a lot of research
interest (see [6]–[16] and references therein). Also, the effec-
tive utilization of resources (e.g., power) in both combined
systems becomes of paramount importance. In [6] and [7],
the authors investigated the performance of an amplify-and-
forward (AF) mixed RF/FSO relay network over Nakagami-m
and Gamma-Gamma fading channels. Exact closed-form and
analytical expressions were, respectively, derived in [6] and [7]
for the outage probability, average bit error rate (BER),
and channel capacity. Considering the outdated channel-state-
information (CSI) effect on the RF link and misalignment error
on the FSO link, the authors in [8] evaluated the performance
of an AF mixed RF/FSO relay network over Rayleigh and
Gamma-Gamma fading models. The same system model was
studied in [9], but with κ-μ and η-μ fading models for the
RF link and a Gamma-Gamma fading model for the FSO
link. Whereas it was studied in [10] assuming Rayleigh fading
for the RF link and a Málaga-M distribution model for the
FSO link. In [11], the authors investigated the performance
of an AF mixed RF/FSO relay network while including the
direct link between the source and destination. They assumed
Nakagami-m fading model for the RF links and a general-
ized Gamma-Gamma fading model for the FSO link when
deriving closed-form expressions for the outage and bit error
probabilities. Work on AF mixed RF/FSO relay networks con-
tinued in [12] where the authors considered a millimeter-wave
(mmWave) Rician distributed RF channel and a Málaga-M
distributed FSO channel. The same system model was also
considered in [13], while assuming Weibull and Gamma-
Gamma fading models for the mmWave RF and FSO links,
respectively. In [14], the authors studied the performance of a
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mixed FSO/RF relay network assuming Málaga-M/shadowed
κ-μ fading models. They derived exact and asymptotic
(i.e., at high signal-to-noise ratio (SNR) values) closed-form
expressions for the system outage probability and channel
capacity. Several studies on the effect of interference on
the performance of AF mixed FSO/RF relay networks are
presented in [15], [16], and [17]. The mixed RF/FSO relay
network was investigated in [18] from a security point of view
and in a cognitive radio scenario in [19]. The performance of
an AF mixed RF/FSO relay network with multiple antennas at
the source and multiple apertures at the destination was investi-
gated in [20]. Most recently, Balti et al. [21] proposed a mixed
RF/FSO system with general model of hardware impairments
considering optical channels with Gamma-Gamma fading.

Although the results from [6]–[16] are insightful, these
works have been successfully tractable only for small-scale
fading channels on the RF links or Málaga-M FSO links.
To the best of our knowledge, the performance analysis of
mixed FSO/mmWave systems under Málaga-M distribution
and composite fading conditions where fading and shadowing
phenomena occur simultaneously has not been investigated
in the open literature. In fact, in mmWave networks, both
the desired and interfering signals are adversely affected by
shadowing from objects over the signal path due to high
directivity or due to human body movements [22]. Shadowing
along with the high attenuation are the main drawbacks
at mmWave frequencies that hinder successful transmission.
As such, a careful characterization of the mixed FSO/mmWave
system over composite fading conditions is crucial to identify
the negatives of higher attenuation and shadowing. However,
since composite fading distributions are steadily challenging, a
friendlier analytical approach that typically allows the deriva-
tion of tractable expressions for key performance measures
and indicators of interest is in fact desirable, yet still missing.
While the work in [14] provides innovative characterization
of mixed FSO/RF relay systems in fading channels where
only dominant LOS components are affected by Nakagami-m
distributed shadowing, co-channel interference has not been
considered. In fact, the incorporation of RF mmWave interfer-
ence has been, so far, steadily overlooked (e.g., see [12], [20])
in the mixed FSO/RF context.

In this paper, we tackle the above issues by providing
holistic analytical tools facilitating the evaluation of the mixed
FSO/mmWave relay network performance by considering
general cases, i.e., shadowed small-scale fading both on
the desired and interference links, which are more challeng-
ing to analyze than only including distance-dependent path
loss or rayleigh fading [21]–[23].

B. Technical Contribution

In this paper, we investigate the performance of a dual-hop
mixed FSO/mmWave relay network. To model mmWave com-
posite multi-path shadowing fading, we consider generalized-
K distribution ( [24]–[26]) with parameters m and κ where
different m values represent LOS and NLOS cases [23] and κ
indicates the mmWave sensitivity to blockages. To mitigate the
effects of multi-path fading, the relay-to-destination mmWave-
based hop uses a multiple-input-single-output (MISO) setup

with N transmit antennas. We further assume that the FSO link
undergoes Málaga-M distribution. Furthermore, it is assumed
that the destination is affected by independent identically
distributed co-channel interference in the mmWave band. The
contribution of this paper can be summarized as follows:

• Using the theory of Fox’s H-functions and Mellin-Barnes
integrals, we propose a novel mathematical framework to
derive closed-form expressions for important statistics of
the SINR under the assumption of fixed and variable-
gain relaying, while not making any assumptions in our
derivations, in terms of the bivariate Fox’s H function.

• New analytical results for the outage probability, the aver-
age error probability, and average capacity are derived.
Our analysis procedure and performance metrics for-
mulations are given in unified and tractable mathe-
matical fashion thereby serving as a useful tool to
validate and compare the special cases of Málaga-M and
generalized-K distributions.

• An asymptotic outage and error rate performance analysis
is presented, which enables the characterization of the
key performance indicators, such as the diversity gain
and coding gain, size of transmit array, effect of pointing
error and shadowing on the achieved performance under
the presence of interference.

• Capitalizing on the achieved asymptotic results, the opti-
mum relay power allocation that minimizes the system
outage probability is derived.

C. Organization

The remainder of this paper is organized as follows.
We describe the system and channel models in Section II.
In Section III, we present the unifying H-transform analysis
of the end-to-end SINR statistics for both fixed-gain and
channel-state-information (CSI)-assisted mixed FSO/mmWave
networks. Then, in Section IV, we derive exact closed-form
expressions for the outage probability, the average error prob-
ability and the average capacity followed by their asymptotic
expressions obtained at high SINR. In Section V, the opti-
mum design strategy for FSO/mmWave networks is studied.
Section VI presents some numerical and simulation results to
illustrate the mathematical formalism presented in the previous
sections. Finally, some concluding remarks are drawn out
in Section VII.

II. SYSTEM MODEL

We consider the downlink of a relay-assisted network fea-
turing a mixed FSO/mmWave communication link as shown
in Fig. 1. The source S is assumed to include a single photo-
aperture, while the relay node R is assumed to have a single
photo detector from one side and N antennas from the other
side. The relay is able to activate either heterodyne or inten-
sity modulation/direct (IM/DD) detection. Using amplify-and-
forward (AF) relaying, all the N transmit antennas at the relay
are used for MRT (maximum ratio transmission) to commu-
nicate with the destination D over the mmWave band. In the
first hop, the FSO signal undergoes a Málaga-M turbulent-
induced fading channel, while in the second hop, the mmWave
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Fig. 1. A dual-hop interference-limited mixed FSO/mmWave RF relay
system.

signals undergoes a generalized-K fading channel. We further
assume that the destination is affected by L interferers. The
interferers affectingD have independent identically distributed
generalized-K fading.

A. Optical Channel Model

The FSO (S-R) channel follows a Málaga-M distribution
for which the cumulative density function (CDF) of the
instantaneous SNR γ1 in the presence of pointing errors is
given by [27, Eq. (5)]

Fγ1(x) =
ξ2Ar

Γ(α)

β∑
k=1

bk
Γ(k)

×H3,1
2,4

[
Brx

μr

∣∣∣∣∣ (1, r), (ξ2 + 1, r)
(ξ2, r), (α, r), (k, r), (0, r)

]
, (1)

where ξ is the ratio between the equivalent beam radius and
the pointing error displacement standard deviation (i.e., jitter)
at the relay (for negligible pointing errors ξ → +∞), A =
α

α
2 [gβ/(gβ + Ω)]β+ α

2 g−1−α
2 and bk =

(
β−1
k−1

)
(gβ+ Ω)1−

k
2

[(gβ +Ω)/αβ]
α+k

2 (Ω/g)k−1 (α/β)
k
2 , where α, β, g and Ω are

the fading parameters related to the atmospheric turbulence
conditions [27], [28]. It may be useful to mention that g =
2b0(1 − ρ) where 2 b0 is the average power of the LOS
term and ρ represents the amount of scattering power coupled
to the LOS component (0 � ρi � 1).1 Moreover in (1),
Hm,n

p,q [·] and Γ(·) stand for the Fox’s-H function [29, Eq. (1.2)]
and the Gamma function [30, Eq. (8.310.1)], respectively,
and B = αβh(g + Ω)/(gβ + Ω) with h = ξ2/(ξ2 + 1).
Furthermore, r is the parameter that describes the detection
technique at the relay (i.e., r = 1 is associated with heterodyne
detection and r = 2 is associated with IM/DD) and μr refers
to the electrical SNR of the FSO hop [27]. In particular, for
r = 1,

μ1 = μheterodyne = E[γ1] = γ̄1, (2)

and for r = 2, it becomes [27, Eq.(8)]

μ2 = μIM/DD =
μ1αξ

2(ξ2 + 1)−2(ξ2 + 2)(g + Ω)
(α+ 1)[2g(g + 2Ω) + Ω2(1 + 1

β )]
. (3)

1It is worth highlighting that the M distribution unifies most of the proposed
statistical models characterizing the optical irradiance in homogeneous and
isotropic turbulence [27]. Hence both Gamma-Gamma and K models are
special cases of the Málaga-M distribution, as they mathematically derive
from (1) by setting (g = 0, Ω = 1) and (g �= 0, Ω = 0 or β = 1),
respectively [27].

B. mmWave Channel Model

MmWave signals are extremely sensitive to objects, includ-
ing foliage and human body. Shadowing effect in the mmWave
communication comes then to prominence. In this paper,
we consider a complete channel model with shadowing, path
loss and small-scale fading. As such, we express the X-D,
X ∈ {R, I} channel in the following form

hXD =
√
PXψ(dXD)h̃XD, (4)

where h̃XD = {h̃XD,1, . . . , h̃XD,δX} captures the effects of
small-scale fading with δX = {N,L} for X ∈ {R, I}, and
ψ(dXD) captures the effect of large-scale fading on (X-D)
links, and PX is the power of the signal transmitted from
X to D. h̃XD is assumed to follow Nakagami-mX where
mX , X ∈ {R, I} indicates the degree of fading severity.
In mmWave LOS links, the number of scatterers is relatively
small. Thus, the LOS link fading is less severe, which is
modeled by relatively large mX .2 Conversely, the NLOS
parameter mX is smaller [23]. Therefore, several works
(ex., [12], [23], [31]) have suggested Nakagami-m fading,
a general yet tractable model for mmWave bands. It should be
noted that accurate cluster-based channel models such as the
Saleh-Valenzuela model [32] are mathematically intractable.
Thus, we omit such models in this work. Hereafter, we use
the shorthand notation for the RV Z ∼ G(α, β) to denote
that Z follows a Gamma distribution with parameters α and
β. From (4), we have the total small-scale received sig-
nal/interference at the destination YXD =

∑δX

i=1 h̃
2
XD,i is the

sum of δX independent identically distributed (i.i.d.) Gamma
RVs h̃2

XD,i ∼ G(mX ,
1

mX
). It can easily be shown that YXD

is also Gamma distributed with parameters δXmX and 1/mX ,
i.e., YXD ∼ G(δXmX ,

1
mX

). From (4) the root-mean-square
power of the received signal is subject to variations induced
by shadowing and path loss. Then, under the assumption
of generalized-K model [26] and to capture the shadowing
effects, we use a Gamma distribution with parameter κX

i.e., ψ(dXD) ∼ G(κX , γ̄X/κX), where κX � 0 denotes
the shadowing severity and γ̄X = PXE{ψ(dXD)} where
E(·) is the expectation operator. It is demonstrated that the
corresponding PDF of the instantaneous SNR (respectively
INR), γXD =

∑δX

i=1 h
2
XD,i, X ∈ {R, I}, is given by [25,

Eq. (5)], [30, Eq. (9.34.3)] as

fγXD (x) =
mXκX

γ̄X

Γ(δXmX)Γ(κX)

×G2,0
0,2

[
κXmX

γ̄X
x

∣∣∣∣∣ −
δXmX−1, κX − 1

]
, (5)

where Gm,n
p,q [·] stands for the Meijer’s-G [30, Eq. (9.301)]

function. The term γ̄X = PXE{ψ(dXD)} represents the
average received power for the link between X ∈ {R, I}
and the destination. The CDF of the signal-to-interference

2Though the modeling of LOS mmWave-based links is well known for line-
of-sight wireless links with Rice fading [4], the latter can be well approximated

by the Nakagami-m model with parameter mX =
(KX+1)2

2 KX+1
, where KX ,

X ∈ {R, I}, is the Rician factor.
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ratio (SIR) γ2 = γRD/γID under GK fading can be derived
from a recent result in [24, Lemma 1] as

Fγ2(x) = 1 − 1
Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)

×G3,2
3,3

[
κmx

κImI γ̄

∣∣∣∣∣1 − κI , 1 − LmI , 1
0, κ,Nm

]
, (6)

where γ̄ = γ̄RD/γ̄ID is the average SIR of the RF link where,
for consistency, we have dropped the subscript R from the
parameters mR and κR. Path loss models for mmWave signals
have been proposed in [33] and [34] for 28 GHz and 38 GHz,
respectively. Using these models, we can express the path loss
experienced by the signal in the (X-D) link as

20 log10

(
4πd0

λW

)
+ 10η log10

(
dXD

d0

)
, (7)

where dXD refers to the distance between the relay/
interference and the destination, d0 is a free-space reference
distance set to 5 meters in [33], [34], λW stands for the
wavelength (7.78 mm in 38 GHz and 10.71 mm in 28 GHz),3

and η stands for the path-loss exponent. MmWave channel
measurements in [33] and [34] have shown that the value of
the path-loss exponent η is equal to 2.2 in 38 GHz and 2.55
in 28 GHz. Using the path loss model for mmWaves in (7),
we can express the average received power over the X-D
hop as

γ̄X = PX

(
λW

4πd0

)2(
d0

dXD

)η

. (8)

Recently, there have been convincing measurements revealing
that mmWave channels are often dominated by both the LOS
and first-order reflection paths [5]. In such environments,
it is possible that any LOS and/or reflection components
from surrounding interferers can critically deteriorate the
link quality, thus increasingly biasing the system towards
interference-limited regime as base station (BS) and user
densities increase [23], [31]. While many-element adaptive
arrays can boost the received signal power and hence reduce
the impact of interference [23], characterizing the accumulated
interference from a large number of unintended transmitters
still plays an important role in evaluating and predicting the
dense mmWave networks performance.

In this work, under the assumption of interference-limited
mmWave links, we express the end-to-end SINR of mixed
FSO/mmwave system for fixed-gain relaying as [6, Eq. (6)]

γ =
γ1γ2

γ2 + C , (9)

where γ2 � γRD/γID is defined as the RF interference-
to-noise ratio (INR) and C stands for the fixed gain at the
relay. On the other hand, the end-to-end SINR for CSI-assisted
relaying scheme is expressed as [6, Eq. (7)]

γ =
γ1γ2

γ1 + γ2 + 1
. (10)

3The 28 GHz is one of the standardized bands for the 5G cellular
operation [34].

In what follows, we derive analytical expressions for key per-
formance metrics of mixed FSO/mmWave dual-hop systems
for both kinds of relay amplification schemes.

III. PERFORMANCE ANALYSIS OF FIXED-GAIN RELAYING

Under the assumption of interference-limited regime and
considering fixed-gain relaying, exact and asymptotic expres-
sions for the outage probability and the error rate probability
are proposed.

Theorem 1 (Exact Outage Probability): The outage proba-
bility is defined as the probability that the end-to-end SINR
falls below predetermined threshold γth and is obtained as

Pout = Fγ(γth), (11)

where

Fγ(x) =
ξ2AκmC

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄

×
β∑

k=1

bk
Γ(k)

H0,1:0,3:4,3
1,0:3,2:4,5

⎡⎢⎢⎢⎢⎢⎢⎣
μr

Brx
κmC

κImI γ̄

∣∣∣∣∣∣∣∣∣∣∣∣

(0, 1, 1)
−

(δ,Δ)
(λ,Λ)
(χ,X)
(υ,Υ)

⎤⎥⎥⎥⎥⎥⎥⎦ , (12)

where Hm1,n1:m2,n2:m3,n3
p1,q1:p2,q2:p3,q3

[·] denotes the Fox-H function of
two variables [35, Eq. (1.1)] whose Mathematica implemen-
tation may be found in [18, Table I], whereby (δ,Δ) =
(1 − ξ2, r), (1 − α, r), (1 − k, r); (λ,Λ) = (0, 1), (−ξ2, r);
(χ,X) = (−1, 1), (−κI, 1), (−LmI , 1), (0, 1); and (υ,Υ) =
(−1, 1), (−1, 1), (κ− 1, 1), (Nm− 1, 1), (0, 1).

Proof: See Appendix A.
The PDF of the end-to-end SINR γ for shadowed

FSO/mmWave systems is obtained as

fγ(x) = − ξ2AκmC
xΓ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄

×
β∑

k=1

bk
Γ(k)

H0,1:0,3:4,3
1,0:3,2:4,5

⎡⎢⎢⎢⎢⎢⎢⎣
μr

Brx
κmC

κImI γ̄

∣∣∣∣∣∣∣∣∣∣∣∣

(0, 1, 1)
−

(δ,Δ)
(λ′,Λ′)
(χ,X)
(υ,Υ)

⎤⎥⎥⎥⎥⎥⎥⎦ , (13)

where (λ′,Λ′) = (1, 1), (−ξ2, r).
Proof: The result follows from differentiating the Mellin-

Barnes integral in (12) over x using dx−s

dx = −sx−s−1 with
Γ(s+ 1) = sΓ(s) and applying [29, Eq. (2.57)].

In the effort to understand the impact of key parameters on
outage performance, we look into the asymptotic regime in the
high optical SNR μ̃r and RF SIR γ̄ → ∞, based on which
the diversity and coding gains are obtained.

Lemma 1 (Asymptotic Outage Probability): At high nor-
malized average SNR in the FSO link ( μr

γth
→ ∞), the outage

probability of the system under consideration is obtained as

Pout ≈
μr
γth

�1

Aξ2

rΓ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)

β∑
k=1

bk
Γ(k)
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×
(

Σ
(
κmCBrγth

κImI γ̄μr

)min{Nm,κ, ξ2

r , α
r , k

r }

+
Γ(α−ξ2)Γ(k−ξ2)

Γ(1− ξ2

r )

Ξ
(
γth,

ξ2

r

)
+

Γ(ξ2−α)Γ(k−α)
Γ(1− α

r )Γ(1+ξ2−α)
Ξ
(
γth,

α

r

)
+

Γ(ξ2−k)Γ(α−k)
Γ(1− k

r )Γ(1+ξ2−k) Ξ
(
γth,

k

r

))
, (14)

where

Ξ(x, y)=
(
Brx

μr

)y

G3,3
3,3

[
κmC
κImI γ̄

∣∣∣∣1− κI, 1−LmI, 1 + y
κ,Nm, 0

]
(15)

and Σ is a constant.
Proof: The proof of the above result is given in Appendix B

with the use of the asymptotic expansion of Fox-H function
[29, Eq. (1.8.7)]

Hm,n
p,q

[
x

∣∣∣∣ (ai, Aj)p

(bi, Bj)q

]
≈

x→0
Σxc, (16)

where c = min
j=1,...,m

[
R(bj)

Bj

]
, and Σ is given in [29, Eq. (1.8.5)].

With the aim of obtaining the diversity order and coding
gain of the system, the CDF in (14) can be simplified at the
high SNR values to be

P∞
out ≈

γ̄�1
(Gcγ̄)−Gd

≈ Aξ2

rΓ(α)Γ(Nm)Γ(κ)Γ(LmI )Γ(κI)

β∑
k=1

bk
Γ(k)

×Σ
(
κmCBrγth

κImI γ̄μr

)min{Nm,κ, ξ2

r , α
r , k

r }
, (17)

where Gd stands for the diversity gain and is defined as
the slope of the asymptotic curve, and Gc is the coding
gain representing the SNR advantage of the asymptotic curve
relative to γ̄−Gd

k reference. From (17), it can be deduced
that the outage probability of the system can be reduced
by increasing the SIR at the FSO and RF links. Moreover,
(17) implies that the outage performance is governed by the
hop that has the worst propagation condition for the desired
signal, whereas the number of interferers has no impact on
the diversity gain. Numerical results in Section VI show that
the approximation in (14) and (17) are very tight at high SIR.
As a special case, the diversity gain under Gamma-Gamma
turbulence is obtained from (17) as

Gd = min
(
Nm,κ,

ξ2

r
,
α

r
,
β

r

)
, (18)

while the achievable coding gain can be expressed as

Gc =
κImI

κmCBrγth(
Σξ2

rΓ(α)Γ(β)Γ(Nm)Γ(κ)Γ(LmI )Γ(κI)

)− 1

min{Nm,κ,
ξ2
r

, α
r

,
β
r

}
.

(19)

Theorem 2 (Exact Error Probability): The end-to-end error
probability is obtained as

B =
ξ2AϕκmC

2Γ(α)Γ(p)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄

×
n∑

j=1

β∑
k=1

bk
Γ(k)

H0,1:1,3:4,3
1,0:3,3:4,5

⎡⎢⎢⎢⎢⎢⎢⎣
μrqj

Br

κmC
κImI γ̄

∣∣∣∣∣∣∣∣∣∣∣∣

(0, 1, 1)
−

(δ,Δ)
(p, 1), (λ,Λ)

(χ,X)
(υ,Υ)

⎤⎥⎥⎥⎥⎥⎥⎦ . (20)

Proof: The average BER can be written in terms of the
CDF of the end-to-end SIR as

B =
ϕ

2Γ(p)

n∑
j=1

qp
j

∫ ∞

0

e−qjxxp−1Fγ(x)dx, (21)

where Γ(·, ·) stands for the incomplete Gamma function [30,
Eq. (8.350.2)] and the parameters ϕ, n, p and qj account
for different modulations schemes [25]. Now, substituting the
Mellin-Barnes integral form of (12) using [29, Eq. (2.56)] into
(21) and resorting to [30, Eq. (7.811.4)], we obtain (20) after
some manipulations.

Lemma 2 (Asymptotic Error Probability): At high normal-
ized average SNR in the FSO link ( μr

γth
→ ∞), the asymptotic

average BER is derived as

B∞ ≈
μr�1

ξ2AϕκmC
2Γ(α)Γ(p)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄

×
n∑

j=1

β∑
k=1

bk
Γ(k)

[
Γ(α− ξ2)Γ(k − ξ2)

rΓ(1 − ξ2

r )
Ξ
(

1
qj

ξ2

r

)

+
Γ(ξ2 − α)Γ(k − α)

rΓ(1 − α
r )Γ(1 + ξ2 − α)

Ξ
(

1
qj
,
α

r

)
+

Γ(ξ2 − k)Γ(α− k)
rΓ(1 − k

r )Γ(1 + ξ2 − k)
Ξ
(

1
qj
,
k

r

)
+

Br

μrqj
H5,3

4,5

[
κmCBr

κImI γ̄μrqj

∣∣∣∣ (σ′,Σ′)
(φ,Φ)

]]
, (22)

where (σ′,Σ′) = (−κI , 1), (−LmI , 1), (−p, 1), (1+ ξ2− r, r).
Proof: The asymptotic error probability follows along the

same lines of Appendix B, while resorting to the Fox’s-H
function asymptotic expansion in (22) yields a similar result
to (14).

Theorem 3 (Average Capacity): The average capacity of
the considered mixed FSO/RF mmWave relaying system
under heterodyne detection technique can be computed as
2 ln(2)CE = E {ln(1 + γ)}, thereby yielding

CE =
ξ2AκmC

2 ln(2)Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄

×
β∑

k=1

bk
Γ(k)

H0,1:1,4:4,3
1,0:4,3:4,5

⎡⎢⎢⎢⎢⎢⎢⎣
μr

Brx
κmC

κImI γ̄

∣∣∣∣∣∣∣∣∣∣∣∣

(0, 1, 1)
−

(δ,Δ), (1, 1)
(0, 1)(λ′,Λ′)

(χ,X)
(υ,Υ)

⎤⎥⎥⎥⎥⎥⎥⎦ . (23)



TRIGUI et al.: SHADOWED FSO/mmWAVE SYSTEMS WITH INTERFERENCE 6261

Proof: Averaging ln(1 + γ) = G1,2
2,2

[
γ

∣∣∣∣1,1
1,0

]
over the end-

to-end SINR PDF obtained from differentiating (12) while
resorting to [35, Eq. (1.1)] and [30, Eq. (7.811.4)] yields the
result after some manipulations.

Remark 1: The Málaga-M reduces to Gamma-Gamma
fading when (g = 0, Ω = 1), whence all terms in (1) vanish
except for the term when k = β. Hence, when g = 0,
Ω = 1, κ, κI → ∞, (23) reduces, when r = 1, to the ergodic
capacity of mixed Gamma-Gamma FSO/interference-limited
Nakagami-m RF transmission with heterodyne detection as
given by

CE =
ξ2

2 ln(2)Γ(Nm)Γ(LmI)Γ(α)Γ(β)
G1,0:1,4:3,2

1,0:4,3:4,3

×
[
μ1

αβh
;
mC
mI γ̄

∣∣∣∣∣ 1
−

∣∣∣∣∣ 1−ξ2, 1−α, 1−β, 1
1, 0,−ξ2

∣∣∣∣∣ 1−LmI, 1, 0
Nm, 0, 1

]
,

(24)

where Gm1,n1:m2,n2:m3,n3
p1,q1:p2,q2:p3,q3

[·] is the Meijer’s G-function of
two variables which is a slight variant of the one defined
earlier in [36].

Remark 2: In IM/DD-based optical systems, the signal is
constrained to be nonnegative and real-valued. Thus, the input
signal distribution to approach Shannon channel capacity does
not necessarily follow Gaussian distribution in optical wireless
channels. Assuming solely an average optical power constraint
and ignoring pre-detection noise at the optical receiver, which
is due to random intensity fluctuations of the optical source
and shot noise caused by the ambient light, [6, Eq. (35)],
[37, Eq. (35)] can be used where CE ≥ E {ln(1 + e

2πγ)
}

,
which follows in the same line of (23). This assumption is
quite reasonable in our case, since the impact of thermal noise
and RF interference at the receiver, is much higher than pre-
detection noise at the optical receiver.

IV. PERFORMANCE ANALYSIS OF

CSI-ASSISTED RELAYING

Due to the intractability of the SINR in (10), we present
in the following subsection new upper bound expressions for
the outage and error rate probabilities. The SINR in (10)
can be upper bounded using the standard approximation γ ∼=
min{γ1, γ2}. The cumulative distribution function (CDF) of γ
can be written as

Fγ(γ) = 1 −
∏

X∈{1,2}
F (c)

γX
(γ). (25)

The expressions of F (c)
γX (γth), X ∈ {1, 2} are already obtained

in [14, Eq.(8)] and (6). Then, recognizing that the product
of two Fox’s H functions is also a Fox’s H function [38,
Eq. (2.3.10)] in (25) yields

Fγ(γ) = 1 − ξ2Ar

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)

×
β∑

k=1

bk
Γ(k)

H0,0:4,0:3,2
0,0:2,4:3,3

⎡⎢⎢⎢⎢⎢⎢⎣
Brγ
μr

κmγ
κImI γ̄

∣∣∣∣∣∣∣∣∣∣∣∣

(0, 1, 1)
−

(δ1,Δ1)
(λ1,Λ1)
(χ1, X1)
(υ1,Υ1)

⎤⎥⎥⎥⎥⎥⎥⎦ , (26)

where (δ1,Δ1) = (ξ2 +1, r), (1, r), (λ1,Λ1) = (0, r), (ξ2, r),
(α, r), (k, r), (χ1, X1) = (1−κI, 1), (1−LmI, 1), (1, 1), and
(υ1,Υ1) = (0, 1), (κ, 1), (Nm, 1).
Up to now, the outage probability can be obtained by replacing
γ by γth in (26).

With the aim of obtaining the diversity order and coding
gain of the system, the outage probability in (26) can be
simplified at the high SIR values to be

P∞
out ≈

ξ2A

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)

×
β∑

k=1

bk
Γ(k)

5∑
j=1

ζj
Ψj

(
γth

γ̄

)Ψj

, (27)

where Ψ = {Nm,κ, ξ2

r ,
α
r ,

k
r }, ζ1 = −

(
mκ

mIκI

)Nm

Γ(κNm)

Γ(κI +Nm)Γ(LmI +Nm), ζ2 = −
(

mκ
mIκI

)κ

Γ(Nm −
κ)Γ(κI + κ)Γ(LmI + κ), ζ3 = Γ(α − ξ2)Γ(k − ξ2)Bξ2

r ,
ζ4 = (ξ2 − α)−1Γ(k − α)Bα

r , and ζ5 = (ξ2 − k)−1Γ
(α− k)Bk

r .
Proof: The result in (27) follows easily after apply-

ing the asymptotic expansion of the Fox-H function given
in [39, Theorem 1.11] to (26).

In the context of P∞
out ≈ (Gcγ̄)−Gd , it can be inferred

from (27) that

P∞
out ≈

ξ2

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)Γ(β)

×
5∑

j=1

ζj
Ψj

(
γth

γ̄

)min{Nm,κ, ξ2

r , α
r , β

r }
. (28)

It is to be noted that at high SIR regime the lower-bound of
the outage probability provided by (26) has the same slope as
the exact outage in (12).

Lemma 3 (Error Probability): The error rate probability
under CSI-assisted relaying is obtained as

B =
ϕn

2
− ξ2Arϕ

2Γ(p)Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)

×
n∑

j=1

β∑
k=1

bk
Γ(k)

H0,1:4,0:3,2
1,0:2,4:3,3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Br

μrqj

κm
κImI γ̄qj

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(1 − p, 1, 1)
−

(δ1,Δ1)
(λ1,Λ1)
(χ1, X1)
(υ1,Υ1)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (29)

Proof: Substituting (25) into (21) and resorting to [29,
Eq. (1.59)] and [35, Eq. (2.2)] yield the result after some
manipulations.

Lemma 4 (Exact Average Capacity): The average capacity
of the considered mixed FSO/interference-limited mmWave
system under CSI-assisted relaying and heterodyne detection
is expressed by

CE =
ξ2Arμr

2 ln(2)Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)Br
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×
β∑

k=1

bk
Γ(k)

H0,1:1,4:3,3
1,0:4,3:3,4

⎡⎢⎢⎢⎢⎢⎢⎣
μr

Br

κImI γ̄
κm

∣∣∣∣∣∣∣∣∣∣∣∣

(0, 1, 1)
−

(δ2,Δ2)
(λ2,Λ2)
(χ2, X2)
(υ2,Υ2)

⎤⎥⎥⎥⎥⎥⎥⎦ , (30)

where (δ2,Δ2) = (1 − r, r), (1 − ξ2 − r,r),(1 − α −
r,r),(1−k− r,r), (λ2,Λ2) = (1, 1), (1 − κ, 1), (1 −Nm, 1),
(χ2, X2) = (1, 1), (1 − κ, 1), (1 −Nm, 1), and (υ2,Υ2) =
(1, 1), (κI , 1), (LmI , 1), (0, 1).

Proof: See Appendix C.
It should be mentioned that when r = 1 and κ, κI → ∞, (30)
reduces to the ergodic capacity over mixed FSO/inteference-
limited mmWave systems in Málaga/Nakagami-m fading
channels with heterodyne detection as given by

CE =
ξ2Aμ1

2 ln(2)BΓ(α)Γ(Nm)Γ(LmI)αβh

β∑
k=1

bk
Γ(k)

×G1,0:1,4:2,2
1,0:4,3:2,3

[
μ1

αβh
;
mI γ̄

m

∣∣∣∣∣ 1
−

∣∣∣∣∣0,−ξ2,−α,−k0,−ξ2−1,−1

∣∣∣∣∣1, 1−Nm1, LmI , 0

]
.

(31)

V. FSO/MMWAVE SYSTEMS OPTIMUM DESIGN

This section addresses the optimum resource allocation
strategy at the source and the relay devices such that the
Pout is minimized subject to a sum power constraint. The
total power PT is equal to the sum of the electrical power
PF assigned to the optical source device and the power PR
assigned to the relay, i.e., PT = PF +PR. To this end, recall

that γ̄ =
PR

�
λW
4πd0

�2� d0
dXD

�η

γ̄I
. Moreover, according to the Beer-

Lambert law [40] the optical beam power has an exponential
decay with propagation distance with μr = PFe−δdF where
δ is the overall attenuation coefficient. Yet, depending on the
accessible emission limits for IM/DD transceivers, PF will be
restricted so it does not exceed a power value of S Watts. The
optimization problem is then formulated as follows:

min
PF ,PR

Pout = G(AFP
−a
F + ARP

−a
R )

s.t. PF + PR ≤ Ptot

− PR ≤ 0, PF ≤ S (32)

where

a = min{Nm,κ, ξ
2

r
,
α

r
,
β

r
},

G =
ξ2γa

th

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)Γ(β)
,

AR =
γ̄a

I(
λW

4πd0

)2 a (
d0

dXD

)aη (ζ1 + ζ2),

and AF = eaδdF (ζ3+ζ4+ζ5). The optimum design of the con-
sidered system follows from differentiating the Lagrange cost
function [41]: ηL = Pout + δL(PF + PR − Ptot) where δL is
the Lagrange parameter with respect of the desired parameter
PX , X ∈ {F ,R} and δL, and solving the obtained equations

TABLE I

SYSTEM AND CHANNEL PARAMETERS

equaled to zero. Hence, the optimum power allocation subject
to sum power constraint is derived as

P ∗
X =

Ab
X

Ab
F +Ab

R
Ptot, X ∈ {F ,R}, (33)

where b = 1
a+1 . From (33), it can be deduced that the optimal

power P ∗
R increases if (i) the interference level γ̄I affecting

the mmWave signal rises, or (ii) the power attenuation due to
the distance travelled by the signal is larger for the mmWave
hop compared to the FSO hop.

VI. NUMERICAL RESULTS

In this section, numerical examples are shown to substanti-
ate the accuracy of the new unified mathematical framework
and to confirm its potential for analyzing mixed FSO/mmWave
communications. Next, we validate our analysis by com-
paring the analytical results with Monte-Carlo simulations.4

The following analysis is conducted in different shadowing
scenarios ranging form infrequent light shadowing (κ = 75.5)
to frequent heavy shadowing (κ = 1.09). The corresponding
standard deviations σ of the Lognormal shadowing are equal,
respectively, to 0.5 and 3.5 dB by a moment matching tech-
nique given by κ = 1

eσ2−1
[25]. Unless specified otherwise,

Table 1 lists all the simulation parameters adopted in what
follows, which are employed in various FSO and mmWave
communication systems [5], [12], [21], [31].

Fig. 2 depicts the outage probability of fixed-gain mixed
FSO/interference-limited mmWave systems with L = {1, 2}
in frequent heavy shadowed environment (κ = 1.09) versus the
FSO link normalized average SNR. As expected, increasing L
deteriorates the system performance, by increasing the outage
probability whereas the diversity gain remains unchanged.
Actually, it can be deduced from (18) that the slope of the
outage probability at high SNR depends only on the fading
and turbulence parameters and is not affected by the number of
interferers L. Yet, under severe shadowing, a strong pointing

4The results for the Monte-Carlo simulations are obtained by using
100 million samples.
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Fig. 2. The outage probability of fixed-gain AF FSO/mmWave relaying
system with IM/DD technique (r = 2) for different number of interferers in
moderate turbulence and frequent heavy shadowing (κ = 1.09) when N = 2,
m = mI = 2.5, κI = 3.5, and γ̄ = 20 dB.

Fig. 3. The outage probability of fixed-gain AF FSO/interference-limited
frequent heavy shadowed mmWave system under different turbulence and
pointing errors severities with N = L = 2, m = mI = 2.5 and κI = 3.5.

error impairment with ξ2

r > κ has no effect on the outage
diversity gain. Therefore, it is natural that we obtain the same
slope for the outage curves even if the value of ξ varies. From
Fig. 2, it can be observed that the asymptotic expansion in
(14) matches very well its exact counterpart at high SNRs.

Fig. 3 illustrates the outage probability of mixed FSO/
interference-limited frequent heavy shadowed mmWave ver-
sus the FSO link normalized average SNR in strong and
moderate turbulence conditions, respectively. As expected,
the outage probability deteriorates by decreasing the point-
ing error displacement standard deviation, i.e., for smaller
ξ, or decreasing the turbulence fading parameter, i.e., smaller
α and β. It is observed that the simulation results are in
excellent agreement with the derived exact and asymptotic
expressions in (12) and (17) thereby indicating their accuracy.
The behaviour of the outage probability can be categorized into

Fig. 4. The average BER of an interference-limited fixed-gain mixed
FSO/mmWave system for heterodyne technique (r = 1) against the average
SNR on the FSO link in strong turbulence conditions and frequent heavy
shadowing (κ = 1.09) under varying m with N = L = 2, mI = 2.5, and
κI = 3.5.

two types. Under IM/DD detection, we have Gd = ξ2

2 < κ

under strong pointing errors and Gd = β
2 < κ under weak

pointing errors and strong turbulence. Otherwise (i.e., r = 1
and/or weak pointing errors and moderate turbulence), we have
Gd = κ = 1.09. Therefore, in this case, as expected we obtain
the same slope for the outage curves even if the value of ξ, α,
and β vary with increasing SNR since the effect of mmWave
link becomes dominant.

Fig. 4 depicts the average BER of dual-hop FSO/
interference-limited mmWave systems using fixed-gain relay-
ing for BSPK and 16-PSK modulation schemes over moderate
and strong pointing error conditions. In our numerical exam-
ples, we use large and small values of the fading parameter
m to represent the LOS (m = 0.5) and NLOS (m = 2.5)
conditions, respectively. We observe that severe fading in the
mmWave link (m = 0.5) diminishes the system performance
and this degradation is greater when the FSO link undergoes
negligible pointing errors. The asymptotic results for the
average BER at high SNR on the FSO link derived in Eq. (22)
are also included in Fig. 4 showing an excellent tightness at
high SNR regime.

Fig. 5 demonstrates the average BPSK BER performance
of fixed-gain mixed FSO/interference-limited mmWave sys-
tems under several shadowing conditions on the mmWave
link, while assuming strong turbulence regime on the FSO
link with fixed effect of the pointing error (ξ = 7.1).
A general observation is that the shadowing degrades the
system’s overall performance. Moreover, it can be observed,
except for heavy shadowing with κ = 1.09, that all the
BEP curves have the same slopes, which is natural since
the BEP at high SNR/SIR depends only on the minimum
value Gd = min

(
Nm,κ, ξ2

r ,
α
r ,

k
r

)
. For the two curves when

κ = 1.09, they have the same slope revealing equal diversity
order Gd = κ. According to Fig. 5, spatial diversity resulting
from employing a higher number of antennas N at the relay
enhances the overall system performance. Fig. 5 also shows
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Fig. 5. The exact and asymptotic average BER of an interference-limited
fixed-gain mixed RF/FSO system with heterodyne technique (r = 1) under
different shadowing scenarios when L = 2, m = 1.5, mI = 1.5, and
κI = 3.5.

Fig. 6. The ergodic capacity of an interference-limited CSI-assisted AF
mixed FSO/mmWave system for different number of interferers L in heavy,
moderate, and light shadowing conditions with N = 2, m = mI = 2.5, and
κI = 1.09.

that the asymptotic expansion in (22) agrees very well with
the simulation results, hence corroborating its accuracy.

Fig. 6 investigates the effect of shadowing severity on
the ergodic capacity of mixed FSO/mmWave CSI-assisted
relaying suffering interference. A general observation is that
the shadowing degrades the system’s overall performance.
Furthermore, it can be inferred from Fig. 6 that as the
SIR of the mmWave link increases, a negligible effect of
shadowing and interference on the capacity is observed and the
performance remains almost the same since the weaker link
acts as the dominant link, which is the FSO link in this case.
This can be explained by (25). It may be also useful to mention
that the ergodic capacity curves of mixed FSO/mmWave
under infrequent light shadowing (κ → ∞) and mixed
Málaga-M/Nakagami-m systems coincides thereby unam-
biguously corroborating the much wider scope claimed by our
novel analysis framework and the rigor of its mathematical
derivations.

Fig. 7. The outage probability with optimal power allocation for different
mmWave bands under moderate turbulence and strong pointing errors on the
FSO link for heterodyne technique (r = 1) and frequent heavy shadowing on
the mmWave links with m = mI = 2.5. when L = 3.

Fig. 7 shows the impact of power allocation on the out-
age probability of mixed FSO/mmWave relay system against
Ptot = ET dB when γth = 5 dB and γI = 2 dB. Moreover,
we investigate the impact of the proposed power allocation
formula in (33) on the outage performance and compare
it then to the baseline scheme with no power allocation,
i.e., PF = PR = ET /2, over different mmWave bandwidths.
It can be observed that the outage decreases with optimal
power allocation compared than with equal power allocation.
The achieved gain is of 3.5 dB at a target outage of 10−2.
It can be seen from Fig. 7 that the outage decays as the
mmWave bandwidth decays.

VII. CONCLUSION

We have studied the performance of relay-assisted mixed
FSO/mmWave systems with RF interference and shadowing.
The H-transform theory is involved into a unified perfor-
mance analysis framework featuring closed-form expressions
for the outage probability, the BER and the average capac-
ity assuming Málaga-M/generalized-K channel models for
the FSO/shadowed mmWave links while taking into account
pointing errors. The diversity order and coding gain are
derived for all studied scenarios. Furthermore, we derived
an analytical expression for the optimal power allocation at
each hop. Main results showed that under weak atmospheric
turbulence conditions, the system performance is dominated
by the RF channels and a diversity order of Nm is achieved
by the system in light shadowing. Otherwise diversity order is
affected by the minimum value of the turbulence fading, light
shadowing, and pointing error parameters.

APPENDIX A
PROOF OF THEOREM 1

The CDF of the end-to-end SINR γ with fixed-gain relaying
scheme can be derived as

Fγ(x) =
∫ ∞

0

Fγ1

(
x

(C
y

+ 1
))

fγ2(y)dy, (34)
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where Fγ1 and fγ2 are the FSO link’s CDF and the RF link’s
PDF, respectively. Differentiation of (6) over x yields fγ2 as

fγ2(x) =
−κm

Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄

×G3,3
4,4

[
κmx

κImI γ̄

∣∣∣∣∣ −1,−κI ,−LmI , 0
−1, κ− 1, Nm− 1, 0

]
. (35)

Substituting (1) and (35) into (34) while resorting to the
integral representation of the Fox-H [29, Eq. (1.2)] and
Meijer-G [30, Eq. (9.301)] functions yields

Fγ(x)

=
−ξ2Arκm

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄

×
β∑

k=1

bk
Γ(k)

1
4π2i2

∫
C1

∫
C2

Γ(ξ2 + rs)Γ(k + rs)Γ(α + rs)
Γ(ξ2 + 1 + rs)Γ(1 − rs)

× Γ(−rs)Γ(−1 − t)
Γ(1 + t)

Γ(κ− 1 − t)Γ(Nm− 1 − t)
Γ(−t)

×Γ(2 + t)Γ(1 + κI + t)Γ(1 + LmI + t)
(

κm

κImI γ̄

)t

×
(
Brx

μr

)−s ∫ ∞

0

(
1 +

C
y

)−s

ytdyds dt, (36)

where i2 = −1, and C1 and C2 denote the s and

t-planes, respectively. Finally, simplifying
∫∞
0

(
1 + C

y

)−s

ytdy to C1+tΓ(−1−t)Γ(1+t+s)
Γ(s) by means of [30, Eqs. (8.380.3)

and (8.384.1)] while utilizing the relations Γ(1 − rs) =
−rsΓ(−rs), and sΓ(s) = Γ(1 + s) then [35, Eq. (1.1)]
yield (12).

APPENDIX B
PROOF OF LEMMA 1

Resorting to the Mellin-Barnes representation of the bivari-
ate Fox-H function [29, Eq. (2.57)] in (12) yields

Pout =
ξ2AκmC

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄

×
β∑

k=1

bk
Γ(k)

1
4π2i2

∫
C1

∫
C2

Γ(ξ2 + rs)Γ(k + rs)Γ(α + rs)
Γ(ξ2 + 1 + rs)Γ(1 + s)

× Γ(−1 − t)2

Γ(1 + t)
Γ(κ− 1 − t)Γ(Nm− 1 − t)Γ(2 + t)

Γ(−t)
×Γ(1 + κI + t)Γ(1 + LmI + t)Γ(1 + s+ t)

×
(
κmC
κImI γ̄

)t (
Brγth

μr

)−s

dsdt,

(a)
=

ξ2AκmC
Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄

β∑
k=1

bk
Γ(k)

× 1
2πi

∫
C2

Γ(−1 − t)2

Γ(1 + t)
Γ(κ− 1 − t)Γ(Nm− 1 − t)

Γ(−t)

×Γ(2+t)Γ(1+κI+t)Γ(1+LmI + t)
(
κmC
κImI γ̄

)t
×H4,0

2,4

[
Brγth

μr

∣∣∣∣ (1, 1), (1 + ξ2, r)
(1+t, 1), (α, r), (k, r), (ξ2, 1)

]
dt, (37)

where (a) follows from using the definition of the
H-function shown in [39, Eq. (1.1.1)]. Therefore, by applying
[39, Theorem 1.11] to (37) when μr/γth → ∞ yields after
some algebraic manipulations

Pout ≈
μr
γth

�1

ξ2A κm
κImI

C
Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)γ̄2

β∑
k=1

bk
Γ(k)

×
(

Γ(α− ξ2)Γ(k − ξ2)

rΓ(1 − ξ2

r )
Ξ′
(
γth,

ξ2

r

)
+

Γ(ξ2 − α)Γ(k − α)
rΓ(1 − α

r )Γ(1 + ξ2 − α)
Ξ′
(
γth,

α

r

)
+

Γ(ξ2 − k)Γ(α− k)
rΓ(1 − k

r )Γ(1 + ξ2 − k)
Ξ′
(
γth,

k

r

)
+
Brγth

μr
H5,2

3,5

[
κmCBrγth

κImI γ̄2μr

∣∣∣∣ (σ,Σ)
(φ,Φ)

])
, (38)

where (σ,Σ) = (−κI , 1), (−LmI , 1), (1+ξ2−r, r), (φ,Φ) =
(ξ2 − r, r), (α − r, r), (k − r, r), (κ − 1, 1), (Nm − 1, 1),

and Ξ′(x, y) =
(

Brx
μr

)y

G4,4
5,5

[
κmC

κImI γ̄2

∣∣∣∣ −κI,−LmI,−1, y, 0
κ−1, Nm− 1,−1,−1, 0

]
.

Finally applying [30, Eq. (931.5)] completes the proof.

APPENDIX C
PROOF OF LEMMA 4

From [42], the average capacity can be computed as

C =
1

2 ln(2)

∫ ∞

0

se−sM (c)
γ1

(s)M (c)
γ2

(s)ds, (39)

where M (c)
X (s) =

∫∞
0 e−sxF

(c)
X (x)dx stands for the comple-

mentary MGF (CMGF). The CMGF of the first hop’s SNR γ1

under Málaga-M distribution with pointing errors is given by
[14, Eq. (9)]

M (c)
γ1

(s) =
ξ2Arμr

Γ(α)Br

β∑
k=1

bk
Γ(k)

H1,4
4,3

[
μr

Br
s

∣∣∣∣∣ (δ2,Δ2)
(λ2,Λ2)

]
. (40)

Moreover, the Laplace transform of the RF link’s CCDF
yields its CMGF after resorting to [30, Eq. (7.813.1)] and
[29, Eq. (1.111)] as

M (c)
γ2

(x) =

H3,3
3,4

[
κImI γ̄

κm s

∣∣∣∣∣ (χ2,X2)
(υ2,Υ2)

]
sΓ(Nm)Γ(κ)Γ(LmI)Γ(κI)

. (41)

Finally, (30) follows after plugging (40) and (41) into (39) and
applying [35, Eq. (2.2)].
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