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Abstract—In this paper, we consider multi-aperture multiuser
dual-hop amplify-and-forward (AF) free-space optical/radio fre-
quency (FSO/RF) communication systems where the FSO and
RF links, respectively, experience Málaga ℳ-distribution and
Nakagami-𝑚 fading. Moreover, the effect of co-channel interfer-
ence is considered at users. Under the assumption of transmit
aperture selection at the source and opportunistic scheduling at
the destination, we derive the exact expression for the ergodic
capacity in terms of bivariate Meijer’s-G function. Additionally,
resorting to extreme value theory, we derive closed-form expres-
sions for the asymptotic ergodic capacity, all in terms of Meijer’s
G and elementary functions, whenever the number of apertures
at the source and/or users grows large.

Index Terms—Amplify-and-forward (AF), co-channel
interference, ergodic capacity, free-space optics (FSO),
Málaga ℳ-distribution.

I. INTRODUCTION

Recently, free-space optical (FSO) has drawn a significant
attention due to its advantages to higher bandwidth in un-
regulated spectrum and higher capacity compared to its RF
counterpart [1]. Hence, the gathering of both FSO and RF
technologies arises as a promising solution for securing con-
nectivity between the RF access network and the fiber-optic-
based backbone network. As such, there has been prominent
interest in mixed FSO/RF systems where RF transmission is
used at one hop and FSO transmission at the other. Most
contributions within this research line consider single-aperture
single-user communications with many irradiance probability
density function (PDF) models for the FSO link. The most
commonly utilized models are the lognormal [2] and the
Gamma-Gamma [3]. Recently, a new and generalized statis-
tical model, the Málaga ℳ-distribution, was proposed in [4]
to model the irradiance fluctuation of an unbounded optical
wavefront (plane or spherical waves) propagating through a
turbulent medium under all irradiance conditions in homo-
geneous, isotropic turbulence [4]. The ℳ-distribution is a
generalized distribution that unifies most statistical models
proposed so far with its ability to better reflect a wider range
of turbulence conditions. On the RF side, previous works
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typically assume Rayleigh fading [5],[6] while Nakagami-𝑚
distribution is considered only in [7].

Aiming to further increase the system capacity and reliabil-
ity, another line of work dedicated to multiuser relay-assisted
networks with multi-aperture FSO communications has been
longing for understanding such systems [8]-[9]. In this context,
the Málaga ℳ-distribution was only considered in [9] with
Rayleigh distributed user links.

In this paper, we consider a mixed multi-aperture multiuser
FSO/RF system where the FSO and RF links, respectively, ex-
perience Málaga ℳ and Nakagami-𝑚 fading. We further take
into account the effect of co-channel interference which might
be detrimental in RF links. This paper quantifies accurately the
capacity of mixed FSO/RF AF relay-assisted networks with
opportunistic scheduling among users and transmit selection
at the source’s apertures.

The paper is organized as follows. Section II introduces
the system model of multi-aperture multiuser mixed FSO/RF
interference-limited AF relay communications. Section III
derive the exact expression of the ergodic capacity of mixed
FSO/RF relay systems with finite-count apertures and finite-
count users. In section IV, we derive the scaling-law expres-
sions of the ergodic capacity when either count or both grow
very large. Finally, we provide and discuss numerical results
in Section V before concluding in Section VI.

II. SYSTEM MODEL

We consider a mixed FSO/RF relay system where a multi-
aperture source 𝑆 communicates with multiple users (𝐷𝑘, 𝑘 =
1, . . . ,𝐾) via a relay 𝑅. It is assumed that 𝐿 RF co-channel
interferers impinge on each user 𝐷𝑘 (cf Fig. 1). The FSO
and RF links are assumed to follow the ℳ and Nakagami-𝑚
distributions, respectively. Assume that the source is equipped
with 𝑀 FSO apertures, then the PDF of the 𝑚-th aperture
irradiance 𝐼𝑚,𝑚 = 1, . . . ,𝑀 is given by [4]
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with 𝛼, 𝛽, 𝜇, and Ω

are the fading parameters related to the atmospheric



Fig. 1. Two-hop multiuser mixed FSO/RF AF relay network. Each RF user
is affected by co-channel interference.

turbulence conditions [10] where 𝜇 = 2𝑏0(1 − 𝜌) with 2𝑏0
is the average power of the LOS term and 𝜌 represents the
amount of scattering power coupled to the LOS component
(0 ⩽ 𝜌 ⩽ 1). Moreover, in (1) 𝐾𝜈(⋅) denotes the 𝜈th-order
modified Bessel function of the second kind [11, Eq.8.407.1].
It is worth highlighting that the ℳ distribution unifies most
of the proposed statistical models characterizing the optical
irradiance in homogeneous and isotropic turbulence (cf. [4,
ch. 8. Table 1]). Hence both Gamma-Gamma and 𝒦 models
are special cases of the Málaga-ℳ distribution, as they
mathematically derive from (1) by setting (𝜌 = 1, Ω = 1) and
(𝜌 = 0, Ω = 0 or 𝛽 = 1), respectively.

The instantaneous SNR of the 𝑚-th FSO link is 𝛾1𝐼𝑚,
where 𝛾1 is the average electrical SNR of the FSO link. With
transmit selection at the source, the aperture with the highest
received channel gain is selected among the 𝑀 available
apertures at the optical transmitter. As a result, the SNR of
the selected aperture is given by

𝛾𝐹𝑆𝑂 = 𝛾1 max
𝑚=1,...,𝑀

(𝐼𝑚). (2)

The average SNR of the RF link is 𝛾𝑅𝐷. Moreover, the instan-
taneous SNR is given by 𝛾𝑅𝐷𝑘

= 𝛾𝑅𝐷∣ℎ𝑘∣2, 𝑘 = 1, . . . ,𝐾,
where ℎ𝑘 is the channel fading gain between the relay 𝑅
and the 𝑘-th user. Under the assumption of Nakagami-𝑚
distribution, we have ∣ℎ𝑘∣2 ∼ 𝔤(𝑚1, 1/𝑚1), where 𝔤(𝑚,Ω/𝑚)
is the Gamma distribution with shape and scale parameters 𝑚
and Ω, respectively. The PDF of the SNR is given by
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On the other hand, the SNR of the RF link between an
interferer ℐ𝑙, 𝑙 = 1, . . . , 𝐿 and the destination user 𝐷𝑘 is
given by 𝛾ℐ𝑙,𝐷𝑘

𝑑∼ 𝔤(𝑚2, 𝛾𝐼𝐷/𝑚2), where 𝛾𝐼𝐷 is the aver-
age interference-noise-ratio (INR), and 𝑚2 is the Nakagami
parameter of the ℐ𝑙 −𝐷𝑘 link. It is known that the sum of 𝐿
i.i.d Gamma random variables (RVs) with shape parameter 𝜚
and scale parameter 𝛿, is also a Gamma RV with parameters

𝐿𝜚 and 𝛿. By defining 𝛾ℐ,𝐷
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With opportunistic scheduling at the relay, the user with the
largest signal-to-interference-ratio (SIR) is selected. The SIR
of the RF link under consideration can be written as

𝛾𝑅𝐹 = 𝛾2 max
𝑘=1,...,𝐾

(
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)
, (5)

where 𝛾2 = 𝛾𝑅𝐷

𝛾𝐼𝐷
is the average SIR of the RF link. Under the

assumption of variable-gain relaying, the SINR of the mixed
FSO/RF link can be written as [7, Eq.(28)]

𝛾𝐹𝑆𝑂,𝑅𝐹 =
𝛾𝐹𝑆𝑂𝛾𝑅𝐹

𝛾𝐹𝑆𝑂 + 𝛾𝑅𝐹 + 1
. (6)

Hereafter, we provide capacity formulas for the considered
system by using the complementary moment generation func-
tion CMGF-based approach
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bution function (CCDF) of 𝑋 .
Capitalizing on (7), a new mathematical framework investi-

gating the average capacity of the considered multiuser multi-
aperture mixed FSO/RF relay network with opportunistic user
scheduling is presented in the next section.

III. EXACT ANALYSIS OF THE CAPACITY WITH

FINITE-COUNT APERTURES AND USERS

According to (7), the exact capacity analysis amounts to
studying the CMGFs of the first and second hop SNR and
SIR, respectively. As a result, the analysis will be simplified
as shown subsequently.

Lemma 1: Let 𝛾𝐹𝑆𝑂𝑚 = 𝛾1𝐼𝑚, 𝑚 = 1, . . . ,𝑀 be the
instantaneous SNR of 𝑚-th FSO link following the ℳ-
distribution. Then the CMGF of 𝛾𝐹𝑆𝑂 = max

𝑚=1,...,𝑀
(𝛾𝐹𝑆𝑂𝑚 )
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𝑝,𝑞 (⋅, ⋅) is the Meijer-G
function [11, Eq.9.301].

Proof: From (1) and using [11, Eq 8.468], the PDF of the
𝑚-th FSO link 𝐼𝑚 can be written as
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Therefore, its CCDF is obtained by resorting to the identity
[11, Eq 3.351.2] as
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where Γ(⋅, ⋅) is the upper incomplete Gamma function [11,
Eq.(8.350.2)]. By substituting the incomplete Gamma function
in (11) by its series expansion in [11, Eq 8.352.2] and
applying the multinomial expansion, the CCDF of 𝛾𝐹𝑆𝑂 =
𝛾1 max
𝑚=1,...,𝑀

(𝐼𝑚) is obtained as
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The Laplace transform of the FSO link CCDF yields its CMGF
obtained as in (8) after applying [11, Eq.3.462.1] with some
manipulations.

Lemma 2: Let the instantaneous SIR of the 𝑘-th RF
link be 𝛾𝑅𝐹𝑘 = 𝛾2

(
𝛾𝑅𝐷𝑘

𝛾ℐ,𝐷𝑘

)
, 𝑘 = 1, . . . ,𝐾, as the ratio

of two Gamma-distributed RVs. The CMGF of 𝛾𝑅𝐹 =
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Ψ(𝑎, 𝑏, 𝑥) is the Triconomi confluent Hyperge-
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where 𝐵(𝑎, 𝑏) and 2𝐹1(𝑎, 𝑏; 𝑐;𝑥) denote the incomplete Beta
function and the Gauss Hypergeometric function [11, Eq.

9.100.1], respectively, and (𝑎) follows from substituting the
Gauss Hypergeometric function by its finite series expansion
[11]. The CCDF of 𝛾𝑅𝐹 = 𝛾2 max

𝑘=1,...,𝐾
(𝑟𝑘) is then obtained as
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where (𝑏) follows from applying the multinomial expansion
[11, Eq.(1.111.1)]. The CMGF of 𝛾𝑅𝐹 is obtained after
resorting to [11, Eq. 9.211.1], thereby leading to (13) after
some manipulations.

Proposition 1 (Closed-form expression of C): The er-
godic capacity for arbitrary 𝑀 and 𝐾 in mixed FSO/RF
AF systems with interference is obtained as in (16), where
𝐺𝑝,𝑞,𝑟,𝑠,𝑡
𝐴,[𝐶,𝐸],𝐵,[𝐷,𝐹 ](⋅, ⋅) stands for the bivariate generalized

Meijer-G function [14].
Proof: Plugging (8) and (13) into (7) reveals that the

computation of 𝐶 requires the resolution of integrals of the
form
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means of the bivariate generalized Meijer-G function, as can
be seen from a more general integral formula due to [14,
Eq.(2.1)], thereby leading to (16) after some manipulations.

IV. LARGE-SCALE ANALYSIS OF THE CAPACITY

In this section, the ergodic capacity of the mixed FSO/RF
relay network with massive aperture selection and/or user
scheduling is considered. Therefore, by using extreme value
theory, the asymptotic CMGF expressions are derived, for the
case in which the numbers of apertures and users grow without
bound. The new computed CMGF expressions of the two hops
are given by the following lemmas.

Lemma 3: As the number of apertures 𝑀 at the FSO link
grows large, the CMGF expression of 𝛾𝐹𝑆𝑂 can be written as

𝑀
(𝑐)

𝛾𝐹𝑆𝑂 (𝑠) =
1− exp (−𝛾1 (𝑏𝑀 − 𝑐𝑀 ) 𝑠)

𝑠
, (18)

where 𝑏𝑀 and 𝑐𝑀 are constants such that

𝐹
(𝑐)
𝐼𝑚

(𝑏𝑀 ) =
1

𝑀
, and 𝑐𝑀 =

𝐹
(𝑐)
𝐼𝑚

(𝑏𝑀 )

𝑓𝐼𝑚(𝑏𝑀 )
, (19)
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with 𝐹
(𝑐)
𝐼𝑚

and 𝑓𝐼𝑚 given in (11) and (1), respectively.
Proof: We denote by the growth function 𝑔𝐼𝑚(𝑥) =

𝐹
(𝑐)
𝐼𝑚

(𝑥)/𝑓𝐼𝑚(𝑥). Then, by resorting to the Hospital’s rule, it
follows that

lim
𝑥→∞ 𝑔𝐼𝑚(𝑥) = lim
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(
−1− 𝑓 ′
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(𝑥)(𝐹
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𝑓2
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,
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)

𝑑
(
𝑓2
𝐼𝑚

(𝑥)

𝑓 ′
𝐼𝑚

(𝑥)

) = 0, (20)

where in (𝑎), 𝑓 ′
𝐼𝑚

is the derivative of 𝑓𝐼𝑚 . and (b) follows from
several mathematical manipulations. Accordingly, 𝐼𝑚 belongs
to the maximum domain of attraction (ℳ𝒟𝒜) of Gumbel
distribution. As a result, for a massive apertures selection at
the source, the CDF of the FSO link can be written as

lim
𝑀→∞

𝐹𝛾𝐹𝑆𝑂 (𝑥) = exp

[
− exp

(
−𝑥− 𝛾1𝑏𝑀

𝛾1𝑐𝑀

)]
. (21)

The Laplace transform of the CCDF of 𝛾𝐹𝑆𝑂 yields its CMGF
given by

𝑀
(𝑐)

𝛾𝐹𝑆𝑂 (𝑠) =

∫ ∞

0
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(𝑎)
= 𝑐𝑀𝛾1
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]
,(22)

where (𝑎) follows from letting 𝑡 = 𝑒
− 𝑥

𝑐𝑀𝛾1 and defining 𝜁 =

𝑒
𝑏𝑀
𝑐𝑀 . We can easily see that the limit of the first term on the

R.H.S of (22) becomes vanishingly small as lim
𝑀→∞

4
𝜁 ≈ 0.

Hence, the second integral on the R.H.S of (22) is obtained
easily, thereby leading to (18) after some manipulations.

Lemma 4: As the number of users 𝐾 at the RF link grows
large, the CMGF of 𝛾𝑅𝐹 = 𝛾2 max

𝑘=1,...,𝐾
(𝑟𝑘) is obtained as

𝑀
(𝑐)

𝛾𝑅𝐹 (𝑠) =

1−exp

(
−𝛾2

(
𝑚2

𝑚1
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) 1
𝐿𝑚2− 1

)
𝑠

)
𝑠

.

(23)
Proof: Applying 2𝐹1(𝑎, 𝑏; 𝑏 + 1;𝑥) = 𝑏𝑥−𝑏𝐵𝑥(𝑏, 1 − 𝑎) to

(14) and resorting to the Hospitals’ rule yield

lim
𝑥→∞

1− 𝐹𝑟𝑛(𝑥)

1− 𝐹𝑟𝑛(𝑡𝑥)
=

𝑡−𝑚1(1 + 𝑡𝑥)𝐿𝑚2+𝑚1

(1 + 𝑥)𝐿𝑚2+𝑚1
= 𝑡𝐿𝑚2, (24)

which implies that 𝐹𝛾𝑅𝐹 (𝑥) lies in the ℳ𝒟𝒜 of the Fréchet
distribution [15, Th 11.5.2]. As a result, the CDF of the RF
link can be written as
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Fig. 2. The exact and approximated CDF of (a): 𝛾𝐹𝑆𝑂 for different values
of 𝑀 , and (b): 𝛾𝑅𝐹 for different values of 𝐾.

lim
𝐾→∞

𝐹𝛾𝑅𝐹 (𝑥) = exp

(
−
(

𝑥

𝛾2𝑎𝐾

)−𝐿𝑚2
)
, 𝑥 ⩾ 0, (25)

where 𝑎𝐾 = 𝐹
(𝑐)−1

𝑟𝑘

(
1
𝐾

)
= 𝑚2

𝑚1

(
𝐾

𝐵(𝐿𝑚2,𝑚1)𝐿𝑚2

) 1
𝐿𝑚2 −

1, obtained after applying 2𝐹1 (𝑎, 𝑏, 𝑐, 𝑥) = (1 −
𝑥)𝑐−𝑎−𝑏2𝐹1 (𝑐− 𝑎, 𝑐− 𝑏, 𝑐, 𝑥) to (14) and resorting to the
Gauss hypergeometric asymptotic expansion. Finally the
CMGF of the second hop SIR under massive user scheduling
is obtained as shown in (23).

Proposition 2 (Capacity for large M and K): For massive
FSO apertures selection and user scheduling, the ergodic
capacity of mixed FSO/RF AF system with interference is
given in (26).

Proof: The result follows after plugging (18) and (23) into
(7) and resorting to [11, Eq 3.421.4].

Proposition 3 (Capacity for fixed 𝑀 and large 𝐾): The
ergodic capacity for finite-count apertures and a massive user
scheduling in mixed FSO/RF AF relay system with interfer-
ence is obtained as in (27).

Proof: The result follows after plugging (8) and (23) into
(7) and resorting to [11, Eq.7.813.1].

V. NUMERICAL RESULTS

Here, we provide some numerical examples to illustrate the
tightness of the closed-form expression of the ergodic capacity
for the mixed FSO/RF AF relay system. The simulation setup
is summarized in the caption of each figure.

Fig. 2 shows the exact and asymptotic CDFs of the two
hops, 𝛾𝐹𝑆𝑂 and 𝛾𝑅𝐹 for different values of 𝑀 and 𝐾,
respectively. We observe that the asymptotic distributions in
(21) and (25) are a good approximations even for small values
of 𝑀 and 𝐾, respectively.

Fig. 3(a) depicts the ergodic capacity for large 𝐾 with
fixed and large 𝑀 using (27) and (26), respectively. We
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Fig. 3. Ergodic capacity of mixed FSO/RF systems for different values of (a):
𝑀 , and (b): 𝜌.

observe that the analytical curves approach the simulated
curves for small to moderate values of 𝐾, thereby providing
an attractive alternative to the cumbersome expression of the
average capacity shown for any 𝐾 in (16).

When 𝑀 and 𝐾 grow large, the obtained curves are in very
good match with their stimulated counterparts showing the
accuracy and effectiveness of the new approximation proposed
in (26).

Fig. 3(b) investigates the effect of the atmospheric turbu-
lence severity 𝜌 on the system performance. As 𝜌 increases, the
atmospheric-turbulence over the FSO link is reduced thereby
leading to better performance.

VI. CONCLUSION

In this paper, we derived closed-form expressions of the
ergodic capacity for interference-limited mixed FSO/RF AF
relay systems under the assumption of transmit aperture se-
lection at the source and opportunistic scheduling at the desti-
nation. The system operates over mixed Málaga/Nakagami-m
distributions. The large scale analysis reveals simpler and very
accurate results thereby providing an attractive alternative to
the cumbersome expression obtained in the case of finite aper-
ture and user counts. The accuracy of the derived expressions
were unambiguously illustrated numerically.
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