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Abstract—In this paper, we develop for the first time a method
of estimating the DOA parameters assuming noncircular and
spatially and temporally correlated signals. The new approach
is based on the two-sided IV-SSF method (instrumental variable
signal with subspace fitting). It will be shown that our newly
developed method outperforms the classical two-sided IV-SSF
in terms of lower bias and error variance. Its performance
improvement increases as the noncircularity rate increases. More-
over, this improvement is more prominent at low SNR values.
We also derive for the first time an analytical expression for
the stochastic Cramér-Rao bound (CRB) of the DOA estimates
from spatially and temporally correlated signals generated from
noncircular sources. The new CRB is compared to that of circular
and temporally correlated signals. It will be shown that the
CRB obtained assuming both noncircular sources and temporally
correlated signals is lower than the CRB derived considering only
the temporal correlation. This illustrates the potential gain that
both the noncircularity and the temporal correlation provide
when considered together.

I. INTRODUCTION

The problem of estimating the direction-of-arrival (DOA)
for multiple plane waves impinging on an arbitrary array of
sensors has received considerable attention in array signal
processing over the last few decades. As a consequence of this
research effort, many DOA estimators have been extensively
studied, assuming different data models. Indeed, in a standard
DOA estimation model, snapshots are assumed to be indepen-
dent and identically distributed (iid). For this model, several
methods have been intensively studied assuming the signals to
be generated from circular sources. The well-known estimators
derived in this case are the deterministic (or conditional) and
the unconditional maximum likelihood (ML) estimators [1],
the MUltiple SIgnal Classification (MUSIC) estimator [2, 3]
and the Method Of DOA Estimation (MODE) technique [4].

Unfortunately, the iid assumption considered in the afore-
mentioned estimators pauses a challenging limitation on the
applicability of the results in the real world and results in some
practical difficulties. Therefore, efforts have been directed to
considering more realistic models assuming the signals to be
temporally correlated and generated from circular sources. In
this context, two methods based on an instrumental variable
(IV) approach were developed assuming the signals to be
temporally correlated and circular Gaussian distributed, in the
situation of unknown noise spatial covariance matrix [5, 6].

Yet, noncircular complex signals, for example binary phase
shift keying (BPSK) and offset-quadrature-phase-shift-keying
(OQPSK) modulated signals, are frequently encountered in
digital communications. Therefore, more recently, some works
have dealt with the derivation of new algorithms that exploit
the noncircularity property of the signals [7, 8]. These works
show the potential benefit related to the noncircularity prop-
erty. More recently, Haddadi, Nayebi and Aref have proposed
in [9] a new algorithm which presents an improved version
of the method developed in [6], but still for circular signals.
But to the best of our knowledge, no contributions have dealt
so far with the problem of estimating the DOA assuming the
signals to be both spatially and temporally correlated and also
generated from noncircular sources. Therefore, the aim of this
work is to show the potential benefit of both temporal correla-
tion and noncircularity of the signals considered together that
could be gained in DOA estimation.

In fact, we propose for the first time an algorithm that
extends the recent method developed in [9] assuming circular
signals to the case of noncircular signals. Furthermore, we
derive for the first time an explicit expression for the CRB
of the DOA estimates from spatially and temporally corre-
lated Gaussian distributed signals generated from noncircular
sources.

This paper is organized as follows. In section II, we in-
troduce the system model and assumptions. In section III,
we formulate the newly proposed algorithm and discuss its
statistical properties. In section IV, an explicit expression of
the DOA CRB assuming spatially and temporally correlated
signals generated from noncircular sources will be derived. In
section V, some simulation results will be presented and some
concluding remarks will be drawn out.

Throughout this paper, matrices and vectors are represented
by bold upper case and bold lower case characters, respec-
tively. Vectors are, by default, in column orientation, while
(.)∗, (.)T and (.)H refer to conjugate, transpose and conjugate
transpose, respectively. Moreover, E{.}, tr(.), ‖.‖Fro, �{.} and
�{.} stand for the expectation, trace, Frobenius norm, real
and imaginary part operators, respectively. eig(.) represents
the eigenvalues of a matrix. Finally, � and � represent
the Kronecker and the Hadamard-Schur product operators,
respectively.
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II. SYSTEM MODEL

Let an array of L sensors receive the signals emitted
by K narrowband sources with unknown directions θ =
[θ1, . . . , θK ]. Then, the received data can be modeled as a
complex signal as follows:

y(t) = A x(t) +w(t), t = 1, 2, . . . , N, (1)

where, N represents the total number of received samples
in the observation window. At time index t, x(t) is the
sources’ transmitted signals vector, A = [a(θ1), . . . ,a(θK)]
is the steering matrix with {a(θi)}i=1,...,K are the array
steering vectors parameterized by the scalar DOA parameters
{θi}i=1,...,K and w(t) is the unknown noise vector. Stacking
the received data over the whole observation window in a
matrix Y , (1) can be written in a matrix form as follows:

Y = A X +W , (2)

where Y = [y(1), . . . ,y(N)], X = [x(1), . . . ,x(N)] and
W = [w(1), . . . ,w(N)].

Now, assume that the transmitted signals x(t) are generated
from noncircular sources. This means that E{x(t)xT (t)} �= 0
contrarily to circular signals (where only E{xxH} �= 0).
Otherwise, the transmitted signals {x(t)}t=1,2,...,N are sup-
posed to be zero-mean complex noncircular, temporally and
possibly spatially correlated with conjugated and unconjugated
covariance matrices PNK×NK and P ′

NK×NK , respectively
defined as follows

PNK×NK = Blockik[Pik
K×K ], (3)

P ′
NK×NK = Blockik[P ′ik

K×K ], (4)

with Blockik[Pik
K×K ] and Blockik[P ′ik

K×K ] representing block
matrices with blocks Pik

K×K and P ′ik
K×K , respectively. The

ik,th block of the block matrix P , Pik , represents the first
space-time covariance matrix of the signals and is defined as

Pik = E{x(i)xH(k)}. (5)

Moreover, the ik,th block of the block matrix P ′, P ′ik,
represents the second unconjugated spatial covariance matrix
of the transmitted signals and is defined as

P ′ik = E{x(i)xT (k)}. (6)

The noise is assumed to be zero-mean Gaussian complex
circular, possibly spatially correlated and temporally white
with covariance matrix

C = IN � C(t). (7)

where C(t) is defined by C(t) = E{w(t)wH(t)}. Moreover,
Ip is the (p × p) identity matrix. Consequently, the received
signals are zero-mean complex noncircular, temporally and
possibly spatially correlated with conjugated and unconjugated
covariance matrices RNL×NL and R′

NL×NL, respectively, as
follows

RNL×NL = APAH + C, (8)

R′
NL×NL = APAT , (9)

with

A = IN � A. (10)

In this paper, we consider the same assumptions A1, A2 and
A3 recently introduced in [6] as follows:

• A1) It is assumed that K < L and that for any set of
distinct DOA parameters θ1, . . . , θK , the vectors
{a(θ1), . . . ,a(θK)} are linearly independent. Further-
more, a(θ) is assumed to be differentiable with respect
to θ and the true parameter vector θ0 is an inner point of
the set of parameter vectors of interest.

• A2) The transmitted signals {x(t)}t=1,2,...,N are as-
sumed to be independent from the noise components
{w(t)}t=1,2,...,N .

• A3) Define the first cross-covariance matrix of the trans-
mitted signals at time lag k as follows:

Pk = E{x(t− k)xH(t)}, (11)

and introduce the matrix of stacked first cross-covariances
as follows

J =
[
P−M

2
, . . . , P−1, P1, . . . , PM

2

]T
. (12)

The signals are assumed to exhibit a ”sufficient” temporal
correlation so that no column of J is identically zero and
so that the rank of J , denoted μ, satisfies μ > 2K − L.

III. DERIVATION OF THE NEW DOA ESTIMATION

METHOD

In this section, we propose a significant extension of the IV-
SSF method derived in [9] for circular signals to noncircular
signals.

A. Extended IV-SSF method

Consider the two-sided instrumental variables vector defined
in [9] by

φ(t)=
[
y(t+ M

2 ), . . . , y(t+ 1), y(t− 1), . . . , y(t− M
2 )
]T
,

where M is an even integer, superior to 2. In order to take
advantage of the signal noncircularity, we define the extended
two-sided instrumental variables vector as follows:

φ̃(t) =
[
φ(t), φ∗(t)

]T
. (13)

Now, we introduce the first cross-covariance matrix of the
transmitted signals at time lag k as defined in (11) and the
second cross-covariance matrix of the transmitted signals at
time lag k as follows:

P ′
k = E{x(t− k)xT (t)}. (14)

We also define the extended cross-covariance of the received
data and the corresponding instrumental variable as follows:

Σ̃ = E
{
φ̃(t)ỹH(t)

}
, (15)

where ỹ(t) is the extended received vector defined as

ỹ(t) =
[
y(t), y∗(t)

]T
. (16)
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The extended cross-covariance matrix can then be written as

Σ̃ =

(
Σ Σ′

Σ′∗ Σ∗

)
, (17)

where Σ = E
{
φ(t)yH(t)

}
and Σ′ = E

{
φ(t)yT (t)

}
.

Otherwise, Σ and Σ′ can be shown to verify

Σ = AMJAH , (18)

Σ′ = AMJ ′AT , (19)

where J is defined in (12) and AM and J ′ are defined as
follows

AM = IM � A, (20)

J ′ =
[
P ′

−M
2

, . . . , P ′
−1, P ′

1, . . . , P ′
M
2

]T
, (21)

with {P ′
k}

M
2

k=−M
2

being defined in (14). Consequently, the
extended cross covariance matrix of the received data and the
corresponding instrumental variable can be simply written as:

Σ̃ = ÃM J̃ ÃH , (22)

where

ÃM =

( AM 0LM×KM

0LM×KM AM
∗

)
,

J̃ =

( J J ′

J ′∗ J ∗

)
,

Ã =

(
AH 0K×L

0K×L AT

)
,

where 0p×q represents the (p× q) null matrix. Moreover, we
define the extended instrumental variable covariance matrix as
follows

Φ̃ = E
{
φ̃(t)φ̃H(t)

}
=

(
Φ Φ′

Φ′∗ Φ∗

)
, (23)

where Φ = E
{
φ(t)φH(t)

}
and Φ′ = E

{
φ(t)φT (t)

}
.

Consider here the assumption A3. We denote μ′ the rank of
J̃ . Then, we have μ ≤ μ′ ≤ 2μ. Moreover, we consider the
assumption A1. The matrix A has a full rank. Therefore, the
matrices AM and ÃM have full ranks. Consequently, we have
rank(Σ̃) = rank(J̃ ) = μ′. The singular value decomposition
(SVD) of the matrix Φ̃− 1

2 Σ̃ yields the following result

Φ̃− 1
2 Σ̃ = ŨsΔ̃sṼ

H
s , (24)

where rank(Δ̃s) = rank(Σ̃) = μ′. From (22) and (24), we
show that the range space of Ṽs is contained in the one of Ã.
Consequently, there exists a full rank 2K × μ′ matrix T such
that

Ṽs = Ã(θ)T . (25)

Now, we define the sample estimates ̂̃Σ and ̂̃Φ as follows:

̂̃
Σ =

1

N −M

N−M
2∑

t=M
2 +1

φ̃(t)ỹH(t), (26)

̂̃
Φ =

1

N −M

N−M
2∑

t=M
2 +1

φ̃(t)φ̃H(t). (27)

The SVD of the matrix ̂̃Φ− 1
2 ̂̃
Σ yields the following result̂̃

Φ
− 1

2 ̂̃
Σ =

̂̃
U s
̂̃
Δs
̂̃
V

H

s +
̂̃
Un

̂̃
Δn

̂̃
V

H

n , (28)

where the matrix ̂̃
Δs contains the μ′ largest singular values.

Therefore, we obtain, similarly to the result obtained in [6],
the following separable least-squares problem{

θ̂, T̂
}

= argmin
θ,T

∥∥∥∥∥ ̂̃C− 1
2

(
̂̃
V s
̂̃
Δs − ÃT )

∥∥∥∥∥
2

Fro

, (29)

where

C̃ =

(
C 0L×L

0L×L C∗

)
. (30)

Minimizing (29) with respect to T yields the following crite-
rion function:

θ̂ = argmin
θ

V (θ), (31)

where

V (θ) = tr

( ̂̃
Π

⊥
0
̂̃
C

− 1
2 ̂̃
V s
̂̃
Δ

2

s
̂̃
V

H

s
̂̃
C

− 1
2

)
, (32)

̂̃
Π

⊥
0 = I2L − ̂̃

C
− 1

2

Ã

(
ÃH ̂̃C−1

Ã

)−1

ÃH ̂̃C− 1
2

. (33)

This criterion is shown to be statistically equivalent to:

θ̂ = argmin
θ

tr

( ̂̃
Π

⊥ ̂̃
R

− 1
2

0
̂̃
V s
̂̃
Δ

2

s
̂̃
V

H

s
̂̃
R

− 1
2

0

)
, (34)

wherễ
Π

⊥
= I2L − ̂̃

R
− 1

2

0 Ã

(
ÃH ̂̃R−1

0 Ã

)−1

ÃH ̂̃R− 1
2

0 . (35)

̂̃
R0 represents an estimate of R̃0 = E{ỹ(t)ỹH(t)}.

B. Statistical properties

The minimizer of (31) converges with probability one
(w.p.1) to the true parameter vector θ0. Moreover, from
standard statistical theory, the asymptotic error covariance
matrix is given by this following expression

Cv = H−1QH−1, (36)

where

H = lim
N�+∞

V ′′(θ0), (w.p.1) (37)

Q = lim
N�+∞

N E{V ′(θ0)V
′T (θ0)}, (38)

with V ′(.) and V ′′(.) being the gradient of V (.) previously
defined in (32) with respect to θ and the Hessian matrix, re-
spectively. After some algebraic manipulations (see appendices
A and B), we obtain the following expressions for H and Q

H = 4�
{(

DHC− 1
2Π0

⊥C− 1
2D
)

�

(( JHAH
M J ′TAT

M

)
Φ̃−1

( AMJ
A∗

MJ ′∗

))T
}
, (39)

Q = 2H . (40)
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Consequently, the asymptotic covariance matrix of θ is given
by

Cv =
1

2

[
�
{(

DHC− 1
2Π⊥

0 C
− 1

2D
)

�

((JHAH
M J ′TAT

M

)
Φ̃−1

( AMJ
A∗

MJ ′∗

))T
}]−1

.(41)

For circular signals, we have J ′ = 0KM×K and Φ′ =
0LM×LM . Therefore, (41) reduces to

Ccir
v =

1

2

[
�
{(

DHC− 1
2Π⊥

0 C
− 1

2D
)

�(
JHAH

MΦ−1AMJ
)T}]−1

,

derived in [9] as a special case of our general method.
Applying [1, lemma A.4], we prove, thanks to standard results
of linear algebra (see [10, App. A, result R.19]), the following
inequality

Cnoncir
v ≤ Ccir

v ,

where A−B ≥ 0 means that A−B is definite positive.

IV. NEW CRB FOR NONCIRCULAR GAUSSIAN

DISTRIBUTED AND TEMPORALLY CORRELATED SIGNALS

To derive the CRB of the considered model, we assume
that the noise is circular Gaussian distributed and the noise
covariance matrix C is known (possibly up to a multiplicative
scalar). Then, we define the parameter vector as follows

α =
(
θT ,βT

)T
,

where θ, introduced in section II, represents the directions of
the narrowband sources and β is defined by

β =
((�{Pij},�{Pij},�{P ′

ij},�{P ′
ij}
)
1≤j<i≤NK

,

(Pii,�{P ′
ii},�{P ′

ii})i=1,...,NK

)T
.

We also define the vector yN as

yN =
[
C− 1

2 y(1), . . . , C− 1
2y(N)

]T
.

Moreover, we introduce the following extended vector ỹN

ỹN =
[
yN , y∗

N

]T
.

Then, we have ỹN � N (0, R̃N ) where R̃N = E
{
ỹN ỹ

H

N

}
=

G̃P̃G̃
H

+ I2NL with

G̃ =

(
G 0NL×NK

0NL×NK G
∗
)
,

P̃ =

( P P ′

P ′∗ P∗

)
,

with P and P ′ being previously defined in (3) and (4),
respectively, and G = IN �

(
C− 1

2A
)

. Following the same

steps of [11], we obtain the following expression of [CRB]−1
ik

[CRB]−1
ik = �

{
tr

(
G̃

H

i Π⊥
˜G
G̃kP̃ G̃

H

R̃−1

N G̃ P̃
)}

,

where G̃i =
∂ ˜G(θ)
∂θi

and Π⊥
˜G
= I2NL − G̃

(
G̃

H

G̃

)−1

G̃
H

.

After tedious algebraic manipulations, we obtain the follow-
ing expression of CRB(θ) for temporally correlated signals
generated from noncircular sources

CRBnoncir/cor(θ) =
1

2

[
�
{(

DHC− 1
2Π⊥

GC− 1
2D
)

�

BtrK

((PAH P ′AT
) R̃−1

( AP
A∗P ′∗

))T
}]−1

, (42)

where A is defined in (10) and BtrK denotes the block trace
defined by BtrK(P) =

∑
i

Pii
K×K .

V. GRAPHICAL REPRESENTATIONS

In this section, we present some graphical representations
to show the performance of our new extended version of the
classical two-sided IV-SSF method and to illustrate the new
CRB bounds for comparisons.

Throughout this section, we consider a complex noncircular
Gaussian signal with noncircularity rate ρ and noncircularity
phase φ = π/2. This signal impinges on a uniform linear array
of 4 sensors separated by a half-wavelength. We consider a
single source (for the sake of simplicity) located at θ = 0.2
radians with respect to the normal of the array broadside. The
number of instrumental variables is set to M = 2. Moreover,
10000 independent simulation runs have been performed to
obtain the empirical performance measures. The temporal
correlation of the signal is simulated via filtering the complex
noncircular Gaussian signal with an FIR filter with relative tap
weights

f(z) = 1 + 0.5z−1 + 0.3z−2 + 0.2z−3 + 0.1z−4, (43)

which is then normalized to give a unit-energy filter. The
estimates are calculated using a coarse search with grid size
0.001.

In Fig. 1, the bias and the standard deviation of the estimates
of θ of our extended two-sided IV-SSF method are presented
versus the SNR for N = 100 snapshots and compared to those
of the two-sided IV-SSF method derived in [9] for circular
sources (referred to as circular method). We see from this
figure that the extended two-sided IV-SSF outperforms the
circular method in terms of both lower bias and lower standard
deviation. The improvement made by our extended two-sided
IV-SSF is more pronounced at low SNR values.

We also see from Fig. 1 that the bias becomes negligible,
especially at high SNR values for both versions. Therefore, it
is still rewarding to compare the performance of the extended
and the circular methods to the square root of the CRBnoncir/cor

and CRBcir/cor, respectively, which is depicted also in Fig.
1. To represent these CRBs, we define the first and the
second (unconjugated) signal space-time covariance matrices
by P = Pt � P and P ′ = Pt � P ′, respectively, where P
and P ′ are the covariance matrices of the noncircular com-
plex Gaussian signal. Moreover, Pt represents the temporal
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Figure 1. Bias and standard deviation of the extended and circular two-sided
IV-SSF methods versus the SNR, for N = 100 and ρ = 1.

correlation matrix computed using (43). We verify that

CRBnoncir/cor < STDextended method,

CRBcir/cor < STDcircular method.

We also show that CRBnoncir/cor < CRBcir/cor. This illustrates
the potential gain that both the noncircularity and the
temporal correlation offer when considered together. Now,
in Fig. 2, the bias and the standard deviations of the
estimates of θ of the two methods are presented versus
the number of snapshots N for SNR= 0 dB and ρ = 1.
It can be seen from Fig. 2 that the extended two-sided
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Figure 2. Bias and standard deviation of extended and circular two-sided
IV-SSF methods versus the number of snapshots, for SNR= 0 dB and ρ = 1.

IV-SSF outperforms the classical circular method especially
in terms of standard deviation. The improvement made
by the extended method is constant with the number of
snapshots N . Finally, Fig. 3 represents the ratio r1 =

STDExtended two-sided IV-SSF method/STDCircular two-sided IV-SSF method

as a function of the noncircularity rate ρ. We notice from this
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Figure 3. r1 = STDExtended two-sided IV-SSF method/STDCircular two-sided IV-SSF method

as a function of the noncircularity rate ρ, for SNR= 0 dB and N = 100.

figure that the improvement made by the extended two-sided
IV-SSF method increases as the noncircularity rate increases.
Moreover, this improvement is more prominent at low SNR
values.

VI. CONCLUSION

In this paper, we developed for the first time a method
for estimating the DOA parameters assuming noncircular and
spatially and temporally correlated signals. The new proposed
method extends the well known two-sided IV-SSF approach
to noncircular and time-correlated signals. We proved that our
newly proposed method outperforms the classical two-sided
IV-SSF method in terms of lower bias and error variance. We
also derived for the first time an explicit expression for the
stochastic Cramér-Rao bound (CRB) of the DOA estimates
for spatially and temporally correlated signals generated from
noncircular sources. This CRB was compared to that of
circular temporally correlated signals. We showed the potential
gain that both the noncircularity and the temporal correlation
provide when considered together.

APPENDIX A - DERIVATION OF H

Starting from (37), we obtain similarly to [6] the following
expression for the ik,th entry of the limiting Hessian matrix

Hik = 2�
{

tr
(
D̃H

i C̃− 1
2 Π̃⊥

0 C̃
− 1

2 D̃kÃ
†ṼsΔ̃

2
sṼ

H
s Ã†H

)}
,

where

D̃i =

(
Di 0L×K

0L×K D∗
i

)
,

Di = ∂A(θ)/∂θi,

Ã† =
(
ÃHÃ

)−1

ÃH .
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We also exploit the particular structure of C̃ and Π̃⊥
0 .

Therefore, we obtain after tedious algebraic manipulations the
following expression of [H ]ik

[H ]ik = 2�
{

tr

((
DH

i C− 1
2Π⊥

0 C
− 1

2Dk 0K×K

0K×K

(
DH

i C− 1
2Π⊥

0 C
− 1

2Dk

)∗)×

J̃ HÃH

M Φ̃−1ÃM J̃
)}

.

Now, we consider J = (Cl1, . . . ,Cli, . . . ,ClK) and
J ′ = (C ′

l1, . . . ,C
′
li, . . . ,C

′
lK) where {Cli}KM×1 and

{C ′
li}KM×1 are the ith columns of J and J ′, respec-

tively. We also consider D = (d1, . . . ,dK) where di =
∂a(θi)/∂θi, i = 1, 2, . . . ,K . Then, Di can be written as
Di = (0L×1, . . . ,di, . . . ,0L×1). Therefore, we obtain after
tedious algebraic manipulations the following expression of
[H ]ij

[H ]ik = 4�
{(

dH
i C− 1

2Π⊥
0 C

− 1
2dk

) (
CH

lk C
′T
lk

)×(AH
M 0KM×LM

0KM×LM AT
M

)
Φ̃−1

(AM 0LM×KM

0LM×KM A∗
M

)(
Cli

C
′∗
li

)}
.

Consequently, we obtain the expression of H as given by (39).

APPENDIX B - DERIVATION OF Q

We denote by Vi(θ) the derivative of V (θ) with respect to
θi. Similarly to [6], Vi(θ) can be approximated by

Vi(θ) � −2�
{

tr
(
D̃H

i C̃− 1
2 Π̃⊥

0 C̃
− 1

2 X̃N Φ̃−1Σ̃Ã†H
)}

,

where

X̃N =
1

n−M

n−M
2∑

t=M
2 +1

w̃(t)φ̃H(t) =

(
XN X ′

N

X ′∗
N X∗

N

)
,

with

XN =
1

n−M

n−M
2∑

t=M
2 +1

w(t)φH(t),

X ′
N =

1

n−M

n−M
2∑

t=M
2 +1

w(t)φT (t).

Some algebraic manipulations yield the following expression
of Vi(θ)

Vi(θ) � −4�{(αH
i XNhi +αH

i X ′
Ngi
)}

. (44)

where αi is the ith column of the matrix C− 1
2Π⊥

0 C
− 1

2D
and hi and gi are the ith columns of the block matrices(
Φ̃−1Σ̃Ã†H

)
(1:ML,1:K)

and
(
Φ̃−1Σ̃Ã†H

)
(1:ML,K+1:2K)

,

respectively. Using some properties of the real part operator,
we prove after tedious algebraic manipulations, the following
expression of E {Vi(θ)Vj(θ)}

E {Vi(θ)Vj(θ)} =
8

N
�{(αH

i Cαj

)×(
hH
j gH

j

)
Φ̃

(
hi

gi

)}
+o

(
1

N

)
.

Now, we have(
C− 1

2Π⊥
0 C

− 1
2D
)H

C
(
C− 1

2Π⊥
0 C

− 1
2D
)
=DHC− 1

2Π⊥
0 ×

C− 1
2D. (45)

We also have(
Φ̃−1Σ̃Ã†H

)H
Φ̃
(
Φ̃−1Σ̃Ã†H

)
= Ã†Σ̃HΦ̃−1Σ̃Ã†H ,

=

(
A†ΣH A†Σ′T

A†∗Σ′H A†∗ΣT

)
Φ̃−1

(
ΣA†H Σ′A†T

Σ′∗A†H Σ∗A†T

)
.

(46)

Consequently, from (38), (45), (45) and (46), we conclude that

Q=8�
{(

DHC− 1
2Π0

⊥C− 1
2D
)

�((
A†ΣH A†Σ′T ]

Φ̃−1

(
ΣA†H

Σ′∗A†H

))T
}
.

Using (18) and (19) and some algebraic manipulations yield
the expression of Q as given by (40)
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