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Abstract—This paper presents an outage analysis of wire-
less systems operating in gamma-shadowed Nakagami-faded
environments where the desired signal also suffers from co-
channel interference. The interfering signals are also subject
to fading and shadowing. Based on the obtained signal to
interference ratio (SIR) probability density function (pdf), closed-
form expressions for the outage probability are obtained in both
cases of statistically identical interferers and multiple interferers
with different parameters. The effects on the aforementioned
performance metric of the reuse distance and of the combined
fading, shadowing and co-channel interference are analyzed
subsequently. The newly derived closed-form expressions for the
outage probability allow as to assess the effects of the different
channel and interference parameters easily.

Index Terms—Co-channel interference, outage probability,
Nakagami fading, shadowing.

I. INTRODUCTION

Accurate system planning and performance evaluations need
to take into account the presence of channel propagation im-
pairments such as large-scale fading, which arises from shad-
owing, and small-scale fading, which is due to multipath prop-
agation [1], [2]. In an interference-limited environment, co-
channel interference, which is due to the aggressive frequency
reuse in neighboring cells, should also be considered as a cor-
ruptive effect. Each interfering signal is also subject to multi-
path and shadow fading and it is necessary to incorporate these
effects in assessing the performance of wireless systems. In
such an environment, the link performance evaluation depends
on many channel parameters. To asses the impact of these
different parameters on system evaluation metrics, namely, the
outage probability, closed-form and tractable expressions are
highly desirable. Nevertheless, difficulties arise when using the
conventional compound Nakagami-lognormal channel model
since its composite probability density function (pdf) is not in
closed form. A three-parameter compound pdf was recently
proposed as a substitute to the Nakagami-lognormal model
[3], [5]. This model leads to a closed-form solution for the
density function of the desired signal power, simplifying the
performance analysis. In [6], a gamma-distributed shadowing
was proposed as a substitute to the lognormal shadowing
and a compound Rayleigh fading gamma shadowing model
was presented as the K-distribution. Recently, in [7], the
closed-form pdf of the composite Nakagami-m fading gamma

shadowing was introduced as the generalized K-distribution.
One of the most important link evaluation and planning
parameters is the outage probability, which is the probability
that the instantaneous desired signal to interfering signal
power ratio is below a specific protection threshold. Outage
probability in the presence of co-channel interference has been
assessed several times. For fading-only channels, a closed-
form expression for the probability of outage was recently
presented in [8]. But so far, to the best of our knowledge,
no closed-from expressions for the outage probability over
composite channels have been obtained. In [9], J. C. Lin et
al. conducted an outage analysis for microcellular wireless
systems that operate in shadowed Rician/Nakagami fading
environments. They provided a closed-form expression for the
outage probability in the absence of shadowing for indepen-
dent identically distributed Nakagami faded interferers, but
numerical integration was required to solve the shadowed case.
The compound Nakagami-m fading gamma shadowing model
was considered by I. M. Kostic in [10]. Nevertheless, the latter
did not provide a closed-form expression for the probability
of outage, so that the evaluation was done numerically.

This paper derives closed-form expressions for the outage
probability of a cellular system operating over a Nakagami
fading lognormal shadowing channel in the presence of co-
channel interference. A three compound gamma shadowing
Nakagami fading model is used to approximate the Nakagami
lognormal channel. We allow for the fact that all the inter-
ferers have the same mean power, but could have different
fading parameters. The new tractable expressions of the outage
probability are used to assess the effects of the channel and
interference parameters on the system performance.

The remainder of this paper is organized as follows. The
next section describes in more details our propagation and
co-channel interference models. In section III, the statistical
properties of the SIR are assessed and are used to derive
closed-form expressions for the probability of outage. The
effects of a combined shadowing fading channel and co-
channel interference are analyzed subsequently in section IV.
The final section summarizes our main results and concludes.
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II. CHANNEL AND SYSTEM MODEL

In this section, we first outline the models for the different
propagation impairments affecting the studied cellular system,
and then present our assumptions for the co-channel interfer-
ence.

A. Channel Model

Mobile radio systems are subject to fast multipath fading
due to the combination of randomly delayed reflected, scat-
tered and diffracted signal components. In slowly varying flat
fading multipath channels, the envelope Z of the received
signal is commonly modeled by a Nakagmi-m distribution [11]
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denoted by Z ~ N(m,Q), where Q = E(Z?) is the local
mean received power, m is the fading severity parameter (m >
1/2), and T'(+) is the gamma function. Thus, the pdf of the
received signal power A = Z2 is a gamma distribution given
by
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In urban macrocell systems, the link quality also suffers from
shadowing caused by the variability associated with large scale
environmental obstacles. This induces a fluctuation of the
mean power () about a constant area mean power P. Empirical
studies have shown that ) has a lognormal distribution

pala) =
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pa(z) = m(me 22, x>0, (3)

where P is related to the path loss and o is the shadow
standard deviation.
For simple one-slope path-loss model [1-2], we have

P =PC(dr/d)*, d=>dn, )

where P, is the average transmit power, C' is dimensionless
and depends on the antenna properties, d, is a reference
distance, d is the distance between the transmitter and the
receiver and « is the path-loss exponent (2 < « < 4, for urban
macrocell environments). However, the lognormal pdf is often
inconvenient when further analysis is required. Therefore, as
an approximation to the lognormal pdf, and as was done in
[7], we propose to use the gamma pdf, denoted by G(\, £25),
and defined by

pQ(x) — L(%S)Ax)\ile_%sa
In (5), the parameter A\ inversely reflects the shadowing
severity and €2 is the gamma shadow mean power. Relations
between the parameters of the lognormal pdf and the gamma
pdf can be obtained by a moment-matching technique. In [10],
the authors obtained

A=1/(e" —=1) and Q,=Py/A+1/X.  (6)
The standard deviation expressed in decibels, also known as
the shadowing spread or ’dB-spread’, is given by o4p = 8.686
ag.

z>0, A>0. (5

B. Interference and System Model

We consider a highly spectrally efficient interference-limited
scenario in which the noise component is negligible compared
to the co-channel interference [12], [13]. Neglecting the noise
also makes the analysis more tractable. Thus, the signal to
interference plus noise power ratio reduces to the signal to
interference power ratio (SIR). Therefore, the desired user SIR,
v, can be written as

Sa __ Sa__
1 Zfilsﬁ"

where Sy is the desired signal power, [ is the total interfering
power, S; is the received power level from the ith interferer
and NV is the number of mutually independent co-channel
interferers. Assuming that the transmitted power of all users
is the same, we have

v = (N

— 72
Sd = Zdwd,

Sz' = Zizwi, (8)

where Zg ~ N(m,wq) and wg ~ G(\, Qq) are, respectively,
the fading and the shadowing processes affecting the desired
user. Similarly Z; ~ N(m;,w;) and w; ~ G(\;,€);) are
the fading and shadowing processes associated with the tth
interfering signal. Since the signal powers of both desired
and interfering users experience fluctuations due to multipath
fading and shadowing, v is also a random variable which
depends on the distribution of the S; and \S; values. In gamma-
shadowed Nakagami-m faded channels, the pdf of the desired
signal power Sy is given by [7]:

2T \/m
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This pdf is commonly known as the generalized K-distribution,
denoted by K(m, A Qy). For m = 1, it reduces to the
Suzuki distribution [14], which approximates adequately the
Raleigh-lognormal model. Similarly, each interfering signal
S; is assumed to be generalized K-distributed and denoted
by S; ~ K(m;, A, ;). Therefore, to compute the pdf of
I = Zfil Si, we need to compute the pdf of the sum of
N generalized K-distributed random variables (RVs), which
is unpractical. To simplify the problem, we assume that the
mean powers of all interferers are identical, i.e. w; = wr, i =
1,2,...,N. This assumption has been considered by M.S.
Alouini et al. in [15] to quantify the area spectral efficiency
of interference-limited cellular systems in the presence of both
Rayleigh fading and lognormal shadowing, but no closed-form
expression for the output SIR was proposed. Other related
papers are [16] and [17]; both of which assumed identically
distributed interferers and did not consider shadowing. By
considering the aforementioned assumption, the authors in
[15]-[17] derived upper and lower bounds on the real system
performances by assuming that all the interfering users are
at the best case or the worst case location for interference.
Nevertheless, in practice, there are several wireless systems
that could be adequately modeled using the assumption of
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equal mean power interferers. Indeed, if we consider the
case of one MIMO interfering signal disturbing the desired
user on the uplink of a communication link, the interfering
signals, coming from collocated antennas, are subject to the
same shadowing process while they could experience differ-
ent fading conditions. The same phenomenon could also be
encountered in the case of relayed communications. Indeed,
when a cluster of users use another mobile as a relay, the latter
could receive at the same time a desired signal from another
user not collocated with the interfering users. Therefore, the
assumption of equal mean powers interferer may be useful in
modeling many wireless communication scenarios. In a more
general case, when the interfering users have different mean
powers, our results may serve as useful real performances
approximation.

Assuming equal mean power interferers, the total interference

can be written as N
I=w § Z?
— Wi i

i=1

where w; ~ G(Ar,€y). The pdf of the interfering signal is
then

(10)
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where f;/,,, is the pdf of the interference I given the shad-
owing wy. From (10), f7,,, is equal to the pdf of N squared
Nakagami random variables. In our study, we will distinguish
two scenarios, namely, statistically identical and statistically
non-identical mutually independent interferers.

1) Multiple i.i.d. interferers: The first scenario is when
there are N mutually independent interferers assumed to be
statistically identical, so that the Z;s are i.i.d. with

N.

1)

m; =my, =12, .., (12)

The assumption (12) holds when all the NV interferers are con-
strained to be equidistant from the receiver. This assumption
is convenient for deriving the system performance metrics in
the worst case and best case interference configuration. For
a MIMO interferer, with closely spaced antennas, interfering
signals coming from the different antennas are subject to
statistically identical fading processes.

When interferers are i.i.d., fr(y) is given by [18]

myy NmitAr
() = 2Ua) T s o, Ay
W= T (Nm)TOy) 7 Ar=Nmy Q,

(13)
where my is the fading parameter shared by all interfering
signals. This comes from the fact that the sum of N gamma
distributed RVs of fading parameter m; and average power w
is a gamma-distributed RV with fading parameter Nm; and
average power Nw. By averaging over the gamma shadowing
distribution, we get the SIR pdf in (13).

2) Multiple non-i.i.d. interferers: The second scenario is
when there are N mutually independent interferers assumed
to be statistically non identical, so that the Z;s are non-i.i.d.
such that equation (12) does not have to hold. This assumption

covers more general interference scenarios. It holds when
the antennas of the MIMO interfering user are sufficiently
distant so that signals coming from the different antennas will
travel through different channels with different fading severity
parameters.

Recently a closed-form expression for the sum of squared non
i.i.d. Nakagami RVs has been derived by G. Karagiannidis et
al. in [19]. Using the proposed pdf, the conditional probability
of the interference with respect to the shadowing w can be
written as

Frpwly/w) = XL, YL,
EL(’L k {mq}q 17{ q= la{l } )f}@(:%k’,mﬂt),
(14)
where )
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is the Erlang distribution, and EL is a function given in [18].
By inserting (5) and (14) in (11), we get the pdf of the
interfering signal using [20, eq. 3.471.9] as

mi EL(ik {mq}év 1 {1/mq}(11\l 1 Alg }q 1 )
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where d = —Z _im; + Z 1 mHU(S i and U(-) is the
well known unit step function defined as U(z > 0) = 1 and
zero otherwise. Finally, it should be noted that the pdf in (14)
is only applicable for integer values of m,. For a notation
simplicity reason, we will omit, later on, the argument of the
function E'L.

k=1 k+
m. (QI ) F(k)

III. OUTAGE ANALYSIS

The outage probability is an important performance mea-
sure of communication links operating over composite fad-
ing/shadowing channels. It is defined as the probability that
the output SIR falls below a given threshold y;p,, i.e.,

Yth

Pout = f’y(y)dyv (17)

0

where f,(y) is the pdf of the SIR given by v = S;/I and
yih 1s the system protection ratio which depends on the type

’of modulation employed and the receiver characteristics. The

pdf of the SIR can be derived as

fHy) = ; f1(2) fs,(y2)zdz, (18)
and its nth moment is defined as
ERN"] = /O y" [ (y)dy (19)

The SIR moments evaluation is a key tool for the amount
of fading calculation and for a moment-based performance
analysis [22].
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3) Multiple i.i.d. interferers: Substituting (9) and (13) into
(18) and changing the variable of integration to = = +/z,
the integral in (18) can be solved with the help of [20,
Eq. 6.576.4]. After laborious manipulations, we get the pdf
formula in (20), where 2F1(a,b;c; z) is the Gauss Hyperge-
ometric function and B(-,-) is the Beta function [22]. Using
[20, eq. 7.811.4], one can easily verify that fo [y (y)dy = 1.
Using the same formulas, the nth moment of the SIR 7 is
derived as

E[V”] — NmiArp "

\ mA (21)
(n+A)T(n4+m)L(Ar—n)I'(Nmi—n)
L'(m)T(MT(Nmp)T'(Ar) ’

where p = % is the average SIR. From (17), and using the

transformation [20, Eq. 9.131.2], and the integration formulas
given by

[ taRbant: = Zakebaca+ 12, @

the outage probability is obtained after several manipulations
as
P ( mA ) A D(Nmr+A)y(m—X)
out — \mrArp ythAF(Nnn—Q—m)B(A Ar)B(Nmp,m)
sFo (A A, Ny + X N A — m, A+ 1 20—y
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where 3F»(a, b, ¢; ay,by; 2) is the Generalized Hypergeometric
function [22]
Let ¢ = o /\ e If cyy, < 1, which is usually the case,
3F5(+y 5+ ;5 cyn) — 1. To corroborate this assumption, let
us consider the special case A = A\; = co (no shadowing).
In this case, we have ¢ = mlm, and upon taking the limit
(A — 00), the first term of (23) evaluates to zero, while the
second term, using the asymptotic expression of the gamma

function [22], I'(z) ~ V212" 2¢~% /(z — o) yields
P (nyzlpyth)m PY / > 1
N =Ar — .
= mB(Nmyp,m)’ 1700 P/
(24

As a check on (24), the special case of Rayleigh fading (m =
my = 1) would result in P,,; ~ yu,/p, which agrees with
[23, eq. 29 ] for p/y, > 1.

4) Multiple non-i.i.d. interferers: Substituting (9) and (16)
into (18), and making the same calculus steps performed in
the case of i.i.d. interferers, we obtain the SIR pdf for the
non-i.i.d. case as in (25). Using [20, eq. 7.811.4], we find that
the nth moment of the output SIR, in the presence of N non
i.i.d interferers, is given by

T'(m+4+n)I'(A+n)
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Using [20, Eq. 9.131.2] and the integration formulas in (22),
we find that the probability of outage in the presence of IV
non-i.i.d. interferers is

L TO+d+ADT(m=X
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27
As we have done in the case of i.i.d. interferers, the asymptotic
representation of the outage probability [i.e., in the absence of
shadowing (A = A; = 0c0)], is given by
m Yth ym .
A= )\[ — 0Q,

Pout =
p/yn > 1.
(28

IV. NUMERICAL RESULTS

To gain a better understanding as to how the fading, shadow-
ing and co-channel interference affect the outage probability,
some plots are presented in this section for both i.i.d and
non i.i.d. interferers. Without loss of generality, we assume
identical shadowing statistics for both desired and interfering
signals, which is a quite reasonable assumption [9]. In Fig.
1, we plot the SIR pdf for different numbers of co-channel
interferers and for different levels of the desired user fading
severity. As one can see from these numerical results, the num-
ber of co-channel interferers and the desired fading severity are
dominant factors in determining the outage probability. Fig. 2
illustrates the effect of shadowing and co-channel interference
on the probability of outage in severely faded microcellular
environments (m > my). We notice that the presence of six
i.i.d. co-channel interferers highly increases the probability of
outage compared to the case of only one co-channel interferer.
To gain more insight into the effects of the shadowing,
the curve without a marker reports the outage performance
without shadowing (A — o0). A general observation is that
shadowing degrades the probability of outage. Nevertheless, an
important phenomenon to be noticed, for low STR/y:p, is that
more severe shadowing can cause lower outage probability. A
similar observation has been noted for lognormal shadowing
in [9]. In Fig. 3, we show plots of the outage probability in the
case of non i.i.d interferers. The observations made before, in
the case of i.i.d. co-channel interferers, are also valid in this
case.

In Fig. 4, we observe that the system performance is insensitive
to changes in the fading severity of interfering signals. This
phenomenon demonstrates that the number of interferers and
the shadowing spread have the most significant effect on
the channel capacity. Therefore, the system performance is
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predominantly affected by the fading parameter of the desired
user rather than by the fading parameters of the interferers.
For the purpose of cell planning, it is useful to represent the
outage probability as a function of the reuse distance. From
(4), and assuming that the received noise power is Py, we can
write the SNR of the desired user, I' = Q/ Py, as

Pt C(d,/d)® ,/%.

A similar expression is obtained for the interfering signals
assuming that all interferers are at a distance d; from the

receiver. The average SIR p is consequently shown to be given
by

(29)

(30)

where we assume that both the desired and the interfering
signals have the same transmit power. The reuse distance, also
known as the co-channel reduction factor, is defined as

D
R= R (€29)
where D is the distance between the centers of the nearest
neighboring co-channel cells and R, is the cell radius. Hence,
when A = \;, we get R = p'/®. Fig. 5 shows the probability
of outage versus the reuse distance R. As expected, the
minimum reuse distance is an increasing function of the
number of interferers and the protection ratio. However, the
outage performance as a function of the reuse distance seems

to be almost the same for i.i.d. or non i.i.d. interferers.

V. CONCLUSION

A three-compound gamma Nakagami model has been
considered to approximate a lognormal-shadowed Nakagami
faded channel. Through this type of channel, a general outage
analysis of wireless systems has been performed. Based on
the compound model, we first derived a new closed-form for
the probability density function of the signal to interference
ratio in the presence of multiple independent interferers with
identical or different fading parameters while assuming an
equal mean power for all interfering signals. Based on the
obtained SIR pdf, we then derived closed-form expressions
for the outage probability. The numerical results highlight the
notable effect that shadowing, fading and co-channel inter-
ference have on the aforementioned performance measure. In
particular, the probability of outage is predominantly affected
by the fading parameters of the desired user, rather than by
the fading parameters of the interferers.

A=A=10 (0,5= 2.7dB)

v

probability density, f (y)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 1. SIR pdf for different values of the number of non i.i.d. co-
channel interferers, for a severely faded desired user (m = 1: solid
lines) and for a lightly faded desired user (m = 4: dashed lines).
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Fig. 2. Outage probability versus the inverse normalized threshold
SIR/ywn for different shadowing scenarios over a severely faded
channel in the presence of N = 1 and N = 6 i.i.d. co-channel
interferers.
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