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ABSTRACT In this paper, we study the performance of mixed free space optical (FSO)-radio frequency (RF)
multi-user relay network with aperture selection and opportunistic user scheduling in the presence of Poisson
field interference. The considered system includes multiple optical sources (apertures), one amplify-andforward (AF) relay, and multiple users. The source is connected with the relay node through FSO links and
the relay is connected with the users through RF links with a Poisson field interference at the users. The
FSO-RF channels are assumed to follow Málaga-M/shadowed κ-µ fading models with pointing errors on
the FSO links. Exact closed-form expressions are derived for the outage probability and average symbol
error probability (SEP). Moreover, the system performance is studied at the high signal-to-noise ratio (SNR)
regime, where an approximate expression for the system outage probability is derived, in addition to deriving
the system diversity order and coding gain. Then, the optimum source and relay transmission powers and
relay position are determined to minimize the system asymptotic outage probability. The Monte-Carlo
simulations are provided to validate the achieved exact and asymptotic results.
INDEX TERMS Mixed FSO-RF relay network, Málaga-M distribution, shadowed κ-µ fading, aperture
selection, multiuser diversity, Poisson field interference, pointing errors, power allocation.
I. INTRODUCTION

Recently, the scenario of mixed free space optical (FSO)radio frequency (RF) relaying has been proposed as an efficient solution for current and future wireless networks from
different aspects. Such type of mixed networks possesses the
features both of licensed-free FSO communications such as
high security, flexibility, rapid deployment time, and rigidity
to RF interference [1] and of cooperative relay networks
such as resilience to multi-path fading in wireless communications [2]. Having relays in wireless networks provides
diversity, widens the coverage area, and reduces the need
for high-power transmitters. Combining the FSO communications with relay networks aims to increase the coverage
distance of FSO networks which is usually limited to a few
hundred meters in realistic conditions due to atmospheric
turbulence effects [3].
The associate editor coordinating the review of this manuscript and
approving it for publication was Taufik Abrao.
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Another important application for mixed RF-FSO or
FSO-RF relaying scenarios is user multiplexing where multiple users having only RF capability can be multiplexed into
a single FSO link [4]. The FSO-RF relay communication
has the ability to fill the connectivity gap between the lastmile network and the backbone network as in developing
countries by delivering it through high-speed FSO links [6].
Such mixed relaying scheme conserves economic resources
by avoiding unnecessary modifications to current mobile
devices and at the same time saves bandwidth by utilizing
FSO capabilities. These attractive features of mixed FSO-RF
relay networks make them a strong candidate for current and
soon-to-come wireless networks.
Several studies in the literature considered the scenarios of
mixed RF-FSO and FSO-RF relay networks [7]–[52] either
with amplify-and-forward (AF) or decode-and-forward (DF)
relaying schemes. In the area of AF relaying, the authors
in [7] and [8] investigated the performance of an AF
mixed RF-FSO relay network over Nakagami-m and
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Gamma-Gamma fading channels. Exact closed-form and
analytical expressions were, respectively, derived in [7]
and [8] for the outage probability, average bit error
rate (BER), and channel capacity. Considering the outdated
channel-state-information (CSI) effect on the RF link and
misalignment error on the FSO link, the authors in [9] evaluated the performance of an AF mixed RF-FSO relay network
over Rayleigh and a Gamma-Gamma fading models. The
same system model was studied in [10], but with κ-µ and η-µ
fading models for the RF link and Gamma-Gamma fading
model for the FSO link, whereas it was studied assuming
Rayleigh fading for the RF link and Málaga-M distribution
model for the FSO link in [11].
In [12], the authors investigated the performance of an
AF mixed RF-FSO relay network while including the direct
link between the source and destination. They assumed
Nakagami-m fading model for the RF links and a generalized Gamma-Gamma fading model for the FSO link when
deriving closed-form expressions for the outage and bit error
probabilities. The work on AF mixed RF-FSO relay networks continued in [13] where the authors considered a
millimeter-wave (mmWave) Rician distributed RF channel
and a Málaga-M distributed FSO channel. Such mixed scenarios which combine mmWave RF and FSO techniques are
preferable in high-density 5G small cells where vast data
rates, and hence, very high bandwidths are usually needed.
The same system model was also considered in [14], while
assuming Weibull and Gamma-Gamma fading models for the
mmWave RF and FSO links, respectively. The Weibull distribution is claimed to offer a good fit when modeling the fading
amplitude fluctuations in both indoor and outdoor wireless
communications [15]. Also, it fits very well for small-scale
fading in 5G mmWave communication scenarios [16].
A more general shadowed κ-µ distribution was recently
adopted to model the RF links. This model offers an excellent
fit to the fading observed in a broad range of real-world
applications (e.g. device-to-device and body-centric fading
channels [17]). It encompasses several RF channel models
such as Nakagami-m, Rayleigh, Rice, κ-µ, and shadowed
Rician fading distributions. Also, it offers far better and much
more flexible representations of practical fading LOS (lineof-sight), NLOS (non-LOS), and shadowed channels than the
Rayleigh and Nakagami-m distributions.
In [18], the authors studied the performance of a mixed
FSO-RF relay network assuming Málaga-M/shadowed κ-µ
fading models. They derived exact and asymptotic (i.e., high
signal-to-noise ratio (SNR) values) closed-form expressions
for the system outage probability and channel capacity. The
mixed RF-FSO relay network was investigated in [19] from
a security point of view and in a cognitive radio scenario
in [20]. The performance of a mixed FSO-RF relay network
with multiple antennas at the relay node and interference at
the RF destination was studied in [21]. Also, an AF mixed
RF-FSO relay network with multiple antennas at the source
and multiple apertures at the destination was investigated
in [22].
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In the context of DF relaying, the authors in [23] derived
exact closed-form expressions for the outage probability,
BER, and channel capacity of a mixed RF-FSO relay network assuming η-µ and Gamma-Gamma fading models.
Moreover, the authors in [24] considered the composite
κ-µ/Inverse Gaussian fading model to represent the FSO link
in a DF mixed RF-FSO relay network. Both the outage probability and error rate performances were studied long with the
channel capacity. Trying to improve performance measures,
Al-Ebraheemy et al. developed in [25] a new expression for
the channel capacity which can more accurately represent
the channel capacity in the presence of intensity modulationdirect detection (IM/DD) FSO receivers. Based on that result,
they derived new unified closed-form expressions for the
outage and asymptotic outage probabilities, in addition to
deriving the diversity order and coding gain of the system.
The performance of DF mixed RF-FSO relay networks with
multiple antennas was studied in [26]–[28].
In the area of parallel FSO relaying, the authors in [29]
and [30] studied the performance of dual-hop FSO networks
over log-normal channels both for the DF and AF schemes,
respectively. The performance of a dual-hop FSO selectiverelaying network where the source message is forwarded to
the destination along the direct link or along the best relay was
investigated in [31]. Closed-form and asymptotic expressions
were derived for the bit error probability (BEP) assuming
Rayleigh and log-normal fading channels. A key paper which
provides some new exact and approximate statistics for the
sum of Gamma-Gamma variates and their application in RF
and FSO DF relay networks was presented in [32]. The outage
performance of CSI-assisted and semi-blind AF opportunistic FSO relay networks was studied in [33] assuming composite channels. Considering the effect of outdated channel
state estimation of the RF links, the authors in [34] studied
the outage and error rate performances of an AF mixed
RF-FSO relay network with generalized order relay selection.
An optimization problem was formulated in [35] to maximize
the throughput of a multiple-relays multiple-destinations AF
orthogonal-frequency-division-multiplexing (OFDM) mixed
RF-FSO relay network through resource and power allocations for the OFDM subcarriers. A similar optimization
problem was formulated in [36] to maximize the throughput
of a DF mixed RF-FSO relay network with both conventional
and buffer-aided relays. In [37], the author proposed three
relaying protocols for the up-link system (RF-FSO) and two
schemes for the down-link system (FSO-RF) in an AF mixed
RF-FSO relaying network. The protocols have different CSI
and symbol selectivity requirements and allow to achieve
different levels of compromise between complexity and performance. Most recently, two new papers in the area of mixed
RF-FSO relay networks with parallel relaying have appeared
in literature, [38] and [39].
The area of mixed RF-FSO relay networks with multiple users has been considered by several researchers in the
last few years. In [40], Miridakis et al. studied the outage
and error probability performances of a multiuser dual-hop
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DF mixed RF-FSO relay network with the V-BLAST technique. A resource allocation scheme for a multiuser mixed
RF-FSO relay network was proposed in [41], where the data
of users on the RF hop are generated according to a zeromean rotationally invariant complex Gaussian distribution.
The authors claimed the effectiveness of the proposed link
allocation protocol even when the FSO link is affected by
severe atmospheric conditions.
The area of hybrid RF-FSO networks has been recently of
interest for many researchers. In [42], considering the cases
with and without hybrid automatic repeat request (HARQ)
and joint transmission/reception of the RF and FSO messages, the authors derived closed-form expressions for the
message decoding probabilities, throughput, and outage
probability of the RF-FSO setups. The same scenario was also
studied by the same authors in [43], considering, however,
the effect of adaptive power allocation on both the system
throughput and outage probability. In [44], the outage probability, BER, and channel capacity of a mixed FSO-RF relay
network with multiple users were derived both for fixed and
CSI-assisted AF relaying schemes.
The performance of multiuser mixed RF-FSO relay
networks with outdated channel information and power
allocation has been presented in [45], [46]. Opportunistic
scheduling where the user of the best RF channel is selected
to send its message to the relay node was adopted there.
Closed-form expressions for the outage and symbol error
probabilities were derived along with the channel capacity
taking into account the effect of outdate channel information.
In [47], the security of multiuser mixed RF-FSO relay networks was analyzed. The paper studied the effect of a single
passive eavesdropper attack on the performance of mixed
RF-FSO relay network with multiple users and a multipleantennas relay. The RF links and FSO link were assumed
to follow Nakagami-m and Gamma-Gamma fading models,
respectively while accounting for the effect of pointing errors
on the FSO link. The authors derived closed-form expressions
for the outage probability, average symbol error probability (SEP), and channel capacity as reliability performance
measures for the authorized mixed RF-FSO relay network
and closed-from expression for the intercept probability as a
security measure. Asymptotic expressions were also derived
for the outage probability at high SNR values and used for
achieving the optimum transmission powers of the selected
user and relay node. opportunistic scheduling was adopted
there to make best selection among users on the first hop. The
same authors studied in [48] the effect of RF co-channel interference on the security-reliability tradeoff analysis for DF
mixed RF-FSO relay network with single-antenna RF nodes.
They formulated and solved a power allocation problem to
enhance the overall system performance. Also, they proposed
a new cooperative jamming scheme to enhance the security
performance of the considered system.
Another study on the effect of interference on the performance of an AF mixed FSO-RF relay network with multiple
users is the one presented in [49]. Multiple apertures were
73766

assumed at the FSO source and multiple RF users with interference at the RF side. Transmit selection was used at the
relay node to select among the FSO signals and opportunistic
user scheduling was used at the RF side to select among
the RF users. The authors derived closed-form expression
for the system capacity following the moment-generatingfunction (MGF) approach in the analysis. Similar to the
system studied in [45], the authors in [50] investigated the
performance of an AF mixed RF-FSO relay network with
multiple RF users. In the analysis, η-µ fading model was
used to model the RF links and M-distribution to model
the FSO link. Closed-form expressions were derived for the
outage probability, BER, and channel capacity. Aiming at
increasing the spectral efficiency, Al-Eryani et al. proposed
in [51] a new two-way-based relaying scheme for a DF mixed
RF-FSO relay network with multiple RF users. They derived
closed-form expressions for the outage probability, average
symbol error rate, and channel capacity. Compared to oneway relaying protocols, two-way relaying has the ability to
almost double the spectral efficient with the same outage
performance. The same authors proposed in [52] efficient
protocols for buffer-aided DF mixed RF-FSO relay networks
with multiple users, multiple antennas relay, and a hybrid
RF-FSO second hop. Having buffers at the relay node enables
it to receive information for a fixed number of time slots
before retransmitting it to destination. This adds some kind
of time diversity to the communication system, and hence,
enhances its performance at the cost of increased average
packet delay.
Most of previous studies considered the scenario of a dualhop mixed RF-FSO relay network. This scenario could be met
in applications in which multiple users communicate with a
relay node through RF links and then the relay forwards their
massages to a base station (BS) over an FSO link. Also, such
a scenario can be encountered in indoor applications where
multiple users communicate with an access point that is in
turn connected to a macro BS via a FSO link [41]. Besides,
it is quite common in practice to see on network downlinks a
BS communicate with a relay node over a FSO link and the
relay communicates with multiple users over RF links.
Obviously, accounting for the RF interference that is inherent to wireless networks and assessing its impact on the system performance is of noticeable importance. furthermore,
combining mmWave and FSO wireless access technologies
possesses the key features and advantages of both techniques
such as ultra-high data rate transmissions.
In this paper, we investigate the performance of a mixed
FSO-RF relay network with multiple RF users and interference on the RF side. The considered system includes an
optical source or BS, an AF relay node, and K RF destinations or users. The source is connected with the relay node
through an FSO link and the relay is connected with the users
through RF links. Each RF user is subject to inter-cell interference brought by Poisson point process (PPP) distributed
co-channel RF sources in the network. The system is also
extended to include multiple apertures (L) at the BS where
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the best received signal among them is selected at the relay
node. The FSO link and the RF links are assumed to follow a
Málaga-M and a shadowed κ-µ model, respectively. fading
model. The adopted RF fading model is able to represent
the mmWave links as a special case. Using opportunistic
scheduling, the user with the best SNR among available ones
is selected to receive the signal from the relay node. Closedform expressions are derived for the outage probability and
the average SEP. Moreover, the system performance is studied at the high SNR regime, where approximate expressions
for the outage probability, diversity order, and coding gain are
derived and analyzed. Furthermore, the asymptotic results are
exploited to obtain the optimum transmission powers of the
BS and the relay node as well as the optimum relay position.
Simulation and numerical examples are provided to assess
the impact of the number of users, interference, the number
of apertures, the atmospheric turbulence parameters, the RF
fading parameters, and the power allocation scheme on the
system performance.

FIGURE 1. Dual-hop mmWave multiuser mixed FSO-RF relay network
with opportunistic user scheduling.

II. SYSTEM AND CHANNEL MODELS

As shown in Figure 1, we consider a dual-hop mixed FSO-RF
multiuser relay network comprising an optical source (S),
an AF relay node (R), and K RF users Uk (k = 1, . . . , K ).
The source BS is assumed to have L photo-apertures, whereas
the relay node R is assumed to have a single photo detector
from one side and multiple antennas from the other side, and
each user is assumed to be equipped with a single antenna.
The BS communicates with the users Uk via an AF relay
R with no direct links between them. The communication
between the BS and the relay is done over a FSO link,
whereas the relay communicates with the users Uk over RF
links. Among L apertures at the source, a single aperture
that maximizes the pre-processing SNR is selected and used
for transmission. The l-th FSO link irradiance is assumed to
follow a Málaga-M distribution with pointing errors impairments. The relay is able to activate either heterodyne or
IM/DD detection techniques at the reception of the optical
beam. Using AF relaying,1 all the M transmit antennas at
the relay are used for MRT (maximum ratio transmission),
while a single user that maximizes the postprocessing SNR is
1 In contrast to a DF relay, an AF relay requires less processing power
and complexity. The AF relaying scheme has been widely adopted in
the literature on evaluating the performance of mixed FSO/RF relay
networks [7]–[14], [18]–[22].
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selected for reception. Such a system can multiplex multiple
users with RF capability into a single high speed FSO link
and then achieve a higher system capacity, thereby providing an adaptive and effective communication system in real
communication environments namely cellular downlink and
indoor applications [22], [42], [50].
In the meantime, adjacent sources may generate
co-channel interference to Uk s, which is of primary focus
of our work. The channel gains between the j-th transmit
antenna at the relay and the k-th user are denoted by hj,k for
j = 1, 2, . . . , M and k = 1, 2, . . . , K , and are assumed to
be independent identically-distributed (i.i.d.) shadowed κ-µ
random variables (rvs) over the M antennas at the relay with
fading parameters mk , κk , µk , and mean k = E{hj,k }, k =
1, 2, . . . , K , where E{·} denotes the expectation operator.
Henceforth, we use the shorthand notation Z ∼ S(m, κ, µ)
to denote that the RV Z follows a shadowed κ-µ distribution
with parameters m, κ, and µ. The physical parameters κ and
µ describe small scale variations in the LOS communication,
where µ specifies multi-path clustering and κ denotes the
ratio between total power of the dominant components, which
are subject to Nakagami-m distribution, and the total power
of the scattered waves. The shadowed κ-µ distribution is
an extremely versatile fading model that includes as special
cases nearly all linear fading models pertaining to LOS and
NLOS scenarios, such as κ-µ (m → ∞), Nakagami-m
(µ = m and κ → 0), Rayleigh (µ = m = 1 and κ → 0),
and Rice (µ = 1, κ = K and m → ∞), to name a
few [54, Table I].
As far as the network performance is concerned, we identify two performance regimes in this paper: 1) the noiselimited regime, and 2) the dense interference-limited one.
To characterize both, we propose a unified framework analyzing mixed FSO-RF networks over generalized Málaga-M/
shadowed κ-µ fading while integrating both user and aperture
selections.
A. NETWORK INTERFERENCE MODEL

Emerging technologies advocate statistical interference modeling using spatial point processes to model both the number
and the random locations of the interferers. The latters are
distributed randomly around each user k at an intensity of λk
along a PPP 8k . The aggregated interference at user k can be
P
−ν
expressed as Ik = j∈8k γ̄j,k dk,j j gk,j , where gk,j is channel
gain between the j-th interferer and the k-th user Uk following
shadowed κ-µ distribution with E{gk,j } = 1, i.e., gk,j ∼
S(κI , mI , µI , 1/γ̄I ,k ). By exploiting the statistical independence between small-scale fading and point processes, the
aggregated interference has the Laplace transform ψIk (z) =
E{e−zIk } that is expressed as


Y

−νj
ψIk (z) = E
E{e−zγ̄j,k dk,j gk,j }


j∈8k


2
(1)
= exp −λk γ̄I ,k z ν 6(ν) , ν > 2
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where the path-loss exponent is assumed to be the same for
the interfering links (i.e. νj = ν). Moreover, using [54] and
[55, Eq. (61)] we have


2
− ν2
I
π 0 1 − ν2 µ− ν mm
I (1 + κI )
6(ν) =
0(mI )(µI κI + mI )mI
2
1

1 − µI − , 1 − mI , 
µ
κ
I
I
ν
2 , (2)
×G1,2
3,3 µ κ + m
1
I I
I
0, 1 − µI ,
2

best user such that γb = max{γ1 , . . . , γK }, then we can show
that the complementary cdf (ccdf) of γb is given by

where Gm,n
p,q [·] and 0(·) stand for the Meijer-G
[56, Eq. (9.301)] and the gamma [56, Eq. (8.310.1)] functions, respectively.

P
where in (a) S = {s1 , s2 , . . . , sQ } is a subset of R, S is
PNsQ
P
PNs1
the sum over all possible S, J =
jsQ =1 ,
js1 =1 . . . ,
m
−1
P
Pmjs1 −1
P jsQ
and
=
. Also, we denote
R
r1 =1 . . . ,
PQ
PQrQ =1 −1
rJ ,R =
p=1 rp , ES ,J =
p=1 js ,sp , and CS ,J ,R =

B. USER SELECTION

The pre-user selection SNR following transmit MRT (i.e., the
relay uses the optimal transmit weight vector, which is constructed as wk = hH
k /khk k, where hk = [h1,k , . . . , hM ,k ]
and (·)H denotes the Hermitian transpose operator)
Pof the link
between the relay and the k-th user is obtained as M
j=1 hj,k =
hk hH
that
is
the
sum
of
i.i.d.
shadowed
κ-µ
rvs
with unit
k
mean. When the users are perfectly orthogonal and unaware
of the interference, it follows that the post-user selection SIR
is given by
maxk=1,...,K {γk }
γR =
,
(3)
Ik ∗
P
where γk = γ̄k M
j=1 hj,k is the combined SNR per user,
γ̄k is the average SNR per user, and Ik ∗ = Ik if the k-th
user is selected.2 On the other hand, when the interference
powers at the receiving users are identical, it follows that
γ2 has the same form in (3) but with Ik ∗ = I, for k =
1, . . . , K . In noise-limited scenarios, the post-user selection
SNR reduces to γ2 = maxk=1,...,K {γk }. From (3) and invoking [54], we can write that γk ∼ S(κ, mk = M m̃k , µk =
M µ̃k , 1/γ̄k ) with a cumulative distribution function (cdf)
given by
Fγk (γ ) = 1 −

Nk
X
j=0

− γ

Cj,k e

j,k

mj,k −1

X 1  γ r
,
r! j,k

(4)

r=0

where Nk and the set of parameters {Cj,k , mj,k , j,k } are
expressed in terms of γ̄k , κk , µk , and mk . If µ > m, then
M = µ, mj = µ − m − j + 1, for 0 ≤ j ≤ µ − m and
mj = µ − j + 1 for µ − m < j ≤ µ. Otherwise M = m − µ
and mj = m − j. For other coefficients j and Cj , please refer
to [57, Table 1] for more details. Let user b denote the selected
2 The SNR-based user selection is less complex than the SINR-based
one since it does not require the knowledge of the interferers’ CSI for the
identification of the suitable user index. Moreover, both schemes perform the
same when the average per-user interference power is the same (i.e., Ik ∗ =
I for k = 1, . . . , K ) [53]. The latter is optimal whereas the former is
suboptimal.
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mj,k −1
Nk
K
γ
X 1  γ r
Y
X
−

(γ ) = 1 − 1−
Fγ(c)
Cj,k e j,k
b
r! j,k
r=0
k=1
j=0
(a) X X X
Q−1
=
(−1)
CS ,J ,R γ rJ ,R e−ES,J γ ,
S \∅ J

R

(5)

QQ

p

−rp
p ,sp

js

QQ

i=1 Cjsi ,si
p=0 rp ! . Notice that when S = ∅ is an
empty set, we have rJ ,R = 0, ES ,J = 0, and CS J
, R
, = 1.
By simply differentiating (3) over γ , the probability density
function (pdf) of γb can then be written as

fγb (γ ) =

X XX
(−1)Q CS J
, R
, (rJ ,R − ES ,J )
S \∅ J

R

× γ rJ ,R −1 e−ES,J γ .

(6)

C. TRANSMIT APERTURE SELECTION (TAPS)

The selection of the suitable transmit aperture at the serving
optical station is implemented to maximize the received signal at the relay. In the case where the transmit apertures are
perfectly orthogonal, it follows that the TAPS-based SNR is
given by
γF = µr



4 max fl

r

l=1,...,L

,

(7)

where fl is the optical irradiance of the l-th aperture, r is the
parameter that describes the detection technique at the relay
(i.e. r = 1 is associated with heterodyne detection and r = 2
is associated with IM/DD), µr refers to the electrical SNR
of the FSO link and 4 represents the impairments due to the
pointing errors assumed to be equal for all the apertures.
The l-th aperture irradiation fl follows a Málaga-M distribution3 for which the pdf is given by [5, Eq. (24)]

fIl (x) = A

β
X
k=1

ak x

α+k
2 −1

s

Kα−k

αβx
2
gβ + φ

!
,

(8)

3 One of the main motivation to study this turbulence model is its generality i.e. Málaga-M unifies most of the proposed statistical models characterizing the optical irradiance in homogeneous and isotropic turbulence
[5, Table 1], [4]. Hence both G-G and K models are special cases of the
Málaga-M distribution, as they mathematically derive from (8) by setting
(g = 0, φ = 1) and (g 6 = 0, φ = 0 or β = 1), respectively [4].
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while the ccdf is obtained in [49, Eq. (11)] as4
β α−k−
√ X X2
ψk,j
=A π
q
α+k
1

(c)
Ffl (x)

αβ
µβ+

k=1 j=0

s
!
αβx
1
×0 α + k − j − , 2
,
2
gβ + φ

(9)

β+ α2 −1− α2

α
2

g
whereby α, β, g,
where A = α (gβ/(gβ + φ))
and φ are the fading parameters related to the atmospheric
1 −α−k−j
ak (α−k− 12 +j)!2 2
(α−k− 12 −j)j!
α+k
k−1
2

turbulence conditions, ψk,j =
with

k
k
1− 2
ak = β−1
((gβ + φ)/αβ) (φ/g) (α/β) 2 ,
k−1 (gβ + φ)
and 0(·, ·) stands for the upper incomplete Gamma function [56, Eq. (8.350.2)]. Upon substituting the incomplete
Gamma P
function in (9) by its series expansion 0(n, z) =
zm
0(n)e−z n−1
j=0 m! [56, Eq. (8.352.2)] and applying the multinomial expansion, the cdf of the first hop SNR γF can be
obtained as

"
  1 !#L 

r
1 γ
FγF (γ ) = E4
F

 fl 4 µ r
s


1
δl 
δl 

x r 


L
αβ

(
)
µr
XX
γ 2r 1 2 
−2l 4(gβ+φ)
,
=1−
τl E4 e

µr
4 


l=1 ϒ

(10)
where

P

ϒ

=

P

ϒl,β

P

ϒl

P
1
p ,α−lp + 2

ϒz,l = {(z1 , . . . , zl ) : zi > 0,
Pα+lp −lpq − 32
ltpql+1 and
l=0

ϒl

, whereby

Pl

= z}; δl =

1
pq,α+lp−lpq −2

i=1 zi

Recalling that f4 (x) =

ξ2
ξ2
A0

xξ

2 −1

,

2

standing for the Fox’s H-function [58, Eq. (1.2)]. Applying
[58, Eq. (2.53)] to (12) yields
  δl
L
ξ 2r X X
γ 2r 3,0
FγF (γ ) = 1 − √
τl
H1,3
e
µr
π
l=1 ϒ

 2r 2r
(ξ 2 + 1 − δ2l , r)
B l γ
, (13)
×
e
µr
(ξ 2 − δ2l , r), (0, r), ( 12 , r)
√
where B = αβ/gβ + φ and e
µr = µr Ar0 is the average
SNR of the FSO link. Differentiating (13) with respect to γ
by applying [58, Eq. (1.69)] yields the pdf of the FSO TAPS
SNR as
L

ξ 2 r X X τl0
3,1
fγF (γ ) = √
γ −1 H2,4
Bδl l δl
π
l=1 ϒ

 2r 2r
(0, 1), (ξ 2 + 1, r)
B l γ
,
×
e
µr
(ξ 2 , r), ( δ2l , r), ( 12 + δ2l , r), (1, 1)
(14)
where τl0 = −τl .
III. ANALYTICAL END-TO-END
PERFORMANCE ANALYSIS

−1

(11)

0 6 x 6 A0 , where

ξ is the ratio between the equivalent beam radius and the
pointing error displacement standard deviation (i.e., jitter) at
the relay (for negligible pointing errors ξ → ∞), A0 defines
the pointing loss [50]. From (10), the TAPS-based SNR cdf
4 Note that (8) is valid only for α = n + 1 , where n is a positive integer.
2
However, in practice, the obtained results serve as insightful lower and upper
bounds for arbitrary values of α. For the other values of α (i.e. α 6 = n + 21 ,
n ∈ N), Hankel’s expansion [56] could be considered to accurately
approximate the Málaga-M distribution, yet being beyond the scope of this
contribution.
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where (a) follows from substituting
the exponential
func

√
−
2,0
1
z
−
m,n
z
tion using e
= √π H0,2 4 (0,1),( 1 ,1) , with Hp,q [·]

Under the assumption of channel-assisted relaying, and following the same procedure as in [59], the end-to-end
(e2e)



α+tp −tpq − 21


√
β
Y
Y
Y
(A π )tpqr Lt (−1)t+1 t!
τt =
Qα+tp −tpq − 21
p=1 q=1
r=1
tpqk
k=1



 tpqr −α−tp −1 tpqr
2
αβ
 .
× ψtp ,tpqr ,tpq
gβ + φ
α−tp + 21

with pointing errors is obtained as
  δl Z A0
L
ξ2 X X
γ 2r
2 δl
(a)
x ξ − 2 −1
FγF (γ ) = 1 − 2
τl
ξ
µr
0
A0 l=1 ϒ
v
u  1

 u
uαβ γ r
µr
t
−
1,0
dx, (12)
×H0,1 2 l
x(gβ + φ) (0, 1)

.
received SNR/SIR γeq is equivalent to γeq = γ1F + γ1R
In the following, we develop the exact and upper bound
expressions for the outage and error rate probabilities of
the proposed system model with SNR-based user selection
both in noise-limited and interference-limited scenarios. Furthermore, we perform an asymptotic analysis for the outage
probability and average error rate at high SNR.
A. OUTAGE PROBABILITY

The outage probability is defined as the probability that the
e2e SNR/SIR γeq falls below a predetermined threshold γth

Pout (γth ) = Pr γeq < γth

Z ∞ 
γth
= 1−γth Pr γR > γth +
fγ (uγth ) du,
u−1 F
1
(15)
where fγF is given in (14), and the term Pr (γR > γ ) =
(c)
FγR (γ ) is already obtained in (5) in the noise-limited case.
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In the interference-limited case, Pr (γR > γ )
(c)
EI {Fγb (Iγ )} will be derived hereafter.

=

1) NOISE-LIMITED SCENARIO

Pout (γth )

The outage probability in this case can be expressed as

L
ξ 2 r X X τl X X X
= 1−√
5S J
, R
,
δl
π
l=1 ϒ e
µr2r S \∅ J R
rJ ,R ∞
X X (−1)k+j 8k k+j 2 (k+j) 2 (k+j)+ δl
2r
×
Tk,j ,
AI ESν ,J γthν
j!

Pout (γth )
L
ξ 2 r X X τl0 X X X
= 1−√
(−1)Q−1
Bδl l δl
π
l=1 ϒ
∞
X

×CS ,J ,R

S \∅ J

(−1)k
k!

k=0


B2r l 2r γ


×


e
µr

th

−1

R

k=0 j=0

k+r
−1 1,0:2,5:1,2
ES ,J γth J ,R H0,1:3,1:1,1

(20)

k


(−1 : 1, 1)

−
,

(ξ, 4); (k +rJ ,R , 1)
(δ, 1), (−1, 1); (0, 1), (k +rJ ,R −1, 1)
(16)

where H[·, ·] denotes the Fox’s H-function of two variables
[60, Eq. (1.1)], (ξ, 4) = (0, 1), (ξ 2 + 1, r) and (δ, 1) =
(ξ 2 , r), ( δ2l , r), ( 21 + δ2l , r), (1, 1).
Proof: By plugging (5) and (14) into (15) and relabeling
u = u−1
u after using the Taylor series expansion of the
exponential function, we obtain
L
ξ 2 r X X τl0 X X X
CS J
Pout (γth ) = 1 − √
, R
,
Bδl l δl
π
l=1 ϒ
S \∅ J R
Z 1 −k−rJ ,R
∞
X
(−1)k+Q k
u
k+r
−1
×
ES ,J γth J ,R
2
k!
0 (1 − u)
k=0
 2r 2r

3,1 B l γth (ξ, 4)
× H2,4
du.
(17)
e
µr (1 − u) (δ, 1)

Then resorting to [58, Eq. (2.66)] yields (16) after some
manipulations.
2) INTERFERENCE-LIMITED SCENARIO

In this case, the term Pr (γR > γ ) in (15) is expressed as
Pr (γR > γ )
X XX
=
(−1)Q+rJ ,R −1
S \∅ J
2,0
× H1,2

R



Substituting the resulting expression of Pr (γR > γ ) for
γth
γ = γth + u−1
into (15) and making a Taylor expansion of
the power term, we infer that

AI (ES ,J γ )

2
ν

CS J
, R
,
(ES ,J )rJ ,R

(0, ν2 )
(rJ ,R , ν2 ), (0, 1)



,

Q+rJ ,R −1
where 5S J
, R
, = (−1)


Tk,j =

B2r l 2r γth
e
µr

×

j=0 k=0

Proof: See Appendix A.
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2

u ν (k+j)−1
2

(u − 1) ν (k+j)
 2r 2r

3,1 B l uγth (ξ, 4)
× H2,4
du.
e
µr
(δ, 1)
1

(21)

L

ξ 2 r X X τl X X X
5S J
= 1−√
, R
,
Bδl l δl
π
l=1 ϒ
S \∅ J R


rJ ,R ∞ (−1)k+j 0 1− 2 (k +j)
2
XX
ν
(k+j)
k+j
×
8k AI ESν ,J
j!
k=0 j=0
 2r 2r

2
2
4,1 B l γth (ξ, 4), (1 − ν (k + j), 1)
ν (k+j)
× γth
H3,5
.
e
µr
(δ, 1)
(22)
It should be noted γeq can be upper bounded as
γeq ≤ γub = min{γF , γR }.

(23)

For the considered TAPS/user selection relay system, the use
of the upper bound γub leads to lower bounds for the outage
probability at the selected user. Note that (23) corresponds to
a mixed FSO-RF AF relaying system with cochannel interference when using (18). Consequently, the outage probability
of the considered system can be lower bounded based on
Plb
out (γth ) = Pr [γub < γth ] = Fγub (γth )
Y
= 1−
Fγ(c)
(γth ),
X

(24)

X ∈{F ,R}
(c)

CS J
, R
,
(ES ,J )rJ ,R

2
(−1)k+j 8k k+j
AI (ES ,J γ ) ν (k+j) .
j!

, and Tk,j is given by

Pout (γth )

2

S \∅ J R
∞ rX
J ,R
X

∞

r

Finally, applying [58, Eq. (2.54)] yields the desired result for
the outage probability as

(18)

where AI = λ (γ̄I ) ν 6(ν), or alternatively as
Pr (γR > γ )
X XX
=
(−1)Q+rJ ,R −1

− 2rδl Z

CS,J R
,

J ,R
ES,J

(19)

where FγX (γth ), X ∈ {F, R} are already derived in (13), (5),
and (18) under both noise-limited and interference-limited
scenarios.
Special Cases: Without interference, it can be shown
for L = K = 1 (i.e., Málaga-M/shadowed κ-µ fading) that
(16) simplifies to [18, Eq. (19)]. For L = 1, mk = µk , µk =
2µ, κk = (1 − ηk )/2ηk , and k = 1, . . . , K , (i.e., Málaga-M/
multiuser η-µ fading), the CDF in (16) simplifies to
[50, Eq. (22)] and to [45, Eq. (21)] when g = 0, φ = 1,
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and κk → ∞ (i.e., Gamma-Gamma/multiuser Nakagami-m
fading). With PPP interference, the CDF in (22) extends
existing performance analysis framework (cf. [53] and references therein) to encompass FSO-based backhauling through
the implementation of aperture selection over generalized
Málaga-M atmospheric turbulence fading.

1,0
ing [60, Eq. (2.1)] with J−1 (z) = H0,2

The average SEP performance at the best user is
Z ∞r
 √ 
b
J−1 2 bt Mγ −1 (t) Mγ −1 (t) dt, (25)
B=a
R
F
t
0
where M1/γX (s), X ∈ {F, R} is the MGF of the inverse
SNR/SIR of the first and second hops, respectively. Moreover, a and b are parameters for different M-ary modulations, and J−1 is the Bessel function of the first kind [56].
In what follows, M1/γX (s) are obtained directly from the
R∞
(c)
ccdfs as M1/γX (s) = s 0 t −2 e−s/t FXc (t)dt, where FX (t),
X ∈ {R, F}. In the FSO link,
(13) and rec exploiting

1,0
−
ognizing that exp(−x) = H0,1 x (0,1) [58, Eq. (1.125)],
M1/γF (s) is expressed using the Fox’s H-function properties
[58, Eq. (1.58)] and applying [58, Eq. (2.3)], thereby yielding

[58, Eq. (1.127)], yield the exact error probability expression
is given in (28), as shown at the bottom of this page.

In this case the expression of M1/γR (s) is obtained from (18)
after applying [58, Eq. (2.3)] as
Mγ −1 (s) =
R

CS J
, R
,
H3,0
(ES ,J )rJ ,R 1,3
(0, ν2 )

(rJ ,R , ν2 ), (0, 1), (1, ν2 )


.
(29)

Substituting the last expression with (26) into (25) and following the same steps as in (28) yield the error rate performance in interference-limited scenario is given in (30), as
shown at the bottom of this page.
The e2e upper bound of the error rate probability for
bi-dimensional modulation type can be obtained using the
MGF-based technique as [61, Eq. (5)]
τM Z π/2
βM X
=
Mγub
π
0
p=1

a2p
2 sin2 (θ )

!
dθ,

(31)

where βM , ap , and τM are modulation-dependent
R ∞ parameters.
Using the expression for Mγub (s) = s 0 e−st Fγub (t)dt,
where Fγub (·) is given in (24) using the alternative expression of Pr (γR > γ ) shown in (19), the obtained expression for Mγub follows from invoking the Laplace transform
of the Fox’s H-function [58, Eq. (2.19)]. Inserting the
obtained expression into (31) gives the expression for Bup in



(0, 1), (1, 1)
δl


−, (ξ 2 + 1 − , r)

2

−
(rJ ,R − 1, 1), (0, 1), (δ, 1)

(28)


δl
1 − δl
,
1),
(
,
1)
 Br l 2r γ

2r
2r


2 + 1 − δl , r), (0, 2 )


e
µ
b
(ξ
2,0,0,4,3
r


× H0,[1:1],0,[4:3] 
2
ν

E
Aν/2 S ,J

−
 I

b
δ
1
δ
2
2
l
l
(ξ 2 − , r), (0, r), ( , r), (1 − , 1), (rJ ,R , ), (0, 1), (1, )
2
2
2
ν
ν

(30)

L
ξ 2 ar X X τl0 X X X
B= √
(−1)Q−1
δl
π
B 2 l δl

S \∅ J

R

ES ,J

CS ,J ,R
 b
1,0,0,2,4
× H2,[0:1],0,[2:4]
 r 2r
rJ ,R −1
B l γ
ES ,J
e
µr b

L
X XX
ξ 2 aνr X X
τl
5S ,J ,R
√
δ
/2r
(bµr ) l
2 π
l=1 ϒ
S \∅ J R
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R


2
× AI ES ,J s ν

Bup

In this case the expression of M1/γR (s) is obtained from (5)
by relying on the very same approach adopted in (26) and
applying [58, Eq. (2.3)] as
X XX
s CS J
, R
,
(−1)Q−1 r
Mγ −1 (s) =
J ,R −1
R
ES ,J
S \∅ J R


−
2,0
×H0,2 ES ,J s
. (27)
(rJ ,R − 1, 1), (0, 1)

B=

X XX
(−1)Q+rJ ,R −1
S \∅ J

(26)

1) NOISE-LIMITED SCENARIO

l=1 ϒ

−
z2
4 (− 12 ,1),( 12 ,1)

2) INTERFERENCE-LIMITED SCENARIO

B. EXACT AVERAGE SYMBOL ERROR PROBABILITY

L
ξ 2 r X X τl0
Mγ −1 (s) = √
δl
F
s π
δ
l=1 ϒ B 2 l l
 r 2r

δl
2
4,0 B l s (ξ + 1 − 2 , r)
×H1,4
.
e
µr
(δ, 1)

Substituting the last expression with (26) into (25) and apply

(
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interference-limited regime after relabeling t = sin2 (θ) as

turbulence/fading setting. These expressions offer highly efficient analytical tools and stand out as much reliable and faster
alternatives to time-consuming Monte-Carlo simulations.

Bup
τM X
L X
βM ξ 2 r X
τl
= √
2 ππ

×

a2p

! δl

2r

X XX

2e
µr

p=1 l=1 ϒ
rJ ,R ∞
X X (−1)k+j 8k Ak+j
I
k=0 j=0

3,1
×H2,3




j!

a2p
2 ES ,J

− 2 (k+j)
ν

S \∅ J
1

Z
0

t

IV. ASYMPTOTIC ANALYSIS

5S ,J ,R

R

δl
2
1
ν (k+j)+ 2r − 2

√
1−t


δl
a2p B2r l 2r t (− ν2 (k +j)− 2r
, 1), (ξ 2 +1− δ2l , r)
dt.
2e
µr
(ξ 2 − δ2l , r), (0, r), ( 12 , r)
(32)

Finally, resorting to [58, Eq. (2.53)] we obtain a closed-form
expression for Bup in (33), as shown at the bottom of this page.
Special Cases: As a special case, it can be shown in
noise-limited scenarios that (28) provides an exact alternative
expression to the approximate one for the SEP obtained
in [50, Eq. (22)] if we set L = 1, mk = µk , µk =
2µ, κk = (1 − ηk )/2ηk , and k = 1, . . . , K , (i.e., Málaga-M/
multiuser η-µ fading). For K = 1, m = µ = 1, the
SEP in (28) simplifies to [22, Eq. (32)] obtained at high
SNR for multi-aperture Málaga-M/Rayleigh fading channels. For L = K = 1, g = 0, φ = 1, and m = µ
(i.e., Gamma-Gamma/Nakagami-m fading), the SEP in (28)
simplifies to [7, Eq. (39)]. In interference-limited scenarios,
the SEP in (30), to the best to our knowledge, provides a novel
performance framework for dense small-cell deployments,
in which BSs are connected to the core network through
an FSO-based backhaul. To this end, we adopt the generic
Málaga-M/shadowed κ-µ fading to encompass the full range
of turbulence conditions/shadowed LOS and NLOS cases
that cover most notably, as will be shown in section VI, the
compelling case of mixed FSO/mmWave.
Remark: The derived analytical expressions for the
outage probability and SEP in (16), (22), (28), and (30) are
highly generic and novel and can be easily mapped into
most existing irradiance and fading models. Notably, the
end-to-end average SEP expressions in (28) and (30) are
obtained via finite sums of bivariate Fox’s H-functions, for
which efficient implementation codes exists in most popular
mathematical software packages. Hence, such expressions
can be very rapidly and efficiently computed. Yet, although
the derived outage expressions in (16) and (22) consist of
infinite series, they converge within a finite number of about a
dozen summations, regardless of the average SNRs/SIRs and

Bup

τM X
L X
βM ξ 2 r X
=
τl
2π
p=1 l=1 ϒ
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a2p
2e
µr

! δl

2r

X XX
S \∅ J

5S ,J ,R

R
 2 r 2r
a
pB l
3,2
× H3,4
2e
µr

In an effort to understand the impact of some key system
parameters on the outage and error rate probabilities, we analyze the asymptotic regime at the high optical SNR e
µr and RF
SNR γ̄ → ∞, from which we derive the diversity and coding gains. The following subsections address the asymptotic
behaviour both of the outage and error rate probabilities and
characterize the performance both of the noise-limited and
interference-limited regimes and analyze in detail the factors
that affect the performance trend.
A. OUTAGE PROBABILITY

Using the lower bound in (23), Pout can be approximated at
high SNR/SIR as
∞
∞
P∞
out ≈ FγF (γth ) + FγR (γth ).

(34)

1) NOISE-LIMITED SCENARIO

The asymptotic outage probability with the use of opportunistic user scheduling at the RF link and TAPS at the FSO link
is derived as
−Gd
P∞
out ≈ (Gc γ̄ )

≈

(35)

(µ(1 + κ))K µ
µκ+m Km
(µ − 1)!K
m



+3

γth
e
µr

min



ξ 2 Lβ Lα
r , r , r

γth
γ̄

K µ



,

(36)

where
√
 X
 
L
L (−A π )p X
ξ2
g
gX
g X


2
4
,
δ
=
;

1

p=1 p (2 Bp)−2ξ 2
j
i
k

r



!L

 √ 2β−1 ψ
Lβ
β,α−β− 21
3  A π2
,
δ=
;
=
α−β
2
2
r
B
(ξ
−
β)

ξ


 √
!L

2α−1 ψ


 A π2
Lα
β,β−α− 12


,
δ=
,

r
Bα−β (ξ 2 − α)
(37)

Qp 9 0(α+k −i − 1 ) Pp
2 and
where 41 = t=1 kt ,itBα+kt pjtt j !t 2 0
t=1 jt − 2ξ
t
 2

Lα
δ = min ξr , Lβ
r , r .
Proof: See Appendix B.
rJ ,R ∞
XX

(−1)k+j
k+j
8k AI
j!

a2p
2

! 2 (k+j)
ν

ES ,J

k=0 j=0

δl
δl
( 12 − ν2 (k + j)− 2r
, 1), (− ν2 (k + j)− 2r
, 1), (ξ 2 +1− δ2l , r)
δl
(ξ 2 − δ2l , r), (0, r), ( 21 , r), (− ν2 (k + j)− 2r
, 1)

(33)
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Notice in (36) that Gd stands for the diversity gain and
is defined as the slope of the asymptotic curve, and Gc
is the coding gain representing the SNR advantage of the
asymptotic curve relative to γ̄ −Gd reference. Comparing (35)
with (36), the achievable diversity gain is expressed as Gd =
2
Lα
min{ ξr , Lβ
r , r , K µ}. This result shows that the diversity
order is dependent of the worst channel link between the RF
and FSO links [18]. For large values of the RF link parameters (i.e., µ and K ), and under strong turbulence conditions,
pointing errors and a small number of apertures L, the firsthop channel will be dominating the system performance,
and hence, the effect the second-hop fading parameters and
number of users on the system performance will be extremely
minor. In the special case where m = µ, the first term
in the RHS of (36) reduces to the asymptotic cdf of the
post-user
SNR in Nakagami-m fading given by
 selection

mKm
0(m)K

γth
γ̄

Km

, and Gd coincides with a previously obtained
result in [48] when L = 1. It is worthwhile to mention
here that the MRT scheme employed at the M -antenna relay
improves the diversity gain which is in fact given by KM µ̃
with µ̃ being the effective fading parameter between the
M -antennas relay and the selected user as defined after (3).
2) INTERFERENCE-LIMITED SCENARIO

In this case the asymptotic outage probability is obtained as

− 2
ν
µκ+m
 2
AI mµ(1+κ)
γth ν
∞
 
Pout ≈
ϒ
γ̄
0 −2
ν




+3

γth
e
µr

min

ξ 2 Lβ Lα
r , r , r

,

(38)

Lβ
2
therefore, the condition min{ ξr , Lα
r , r } < ν implies that the
first hop FSO signal is subject to severe pointing conditions
ξ2
r ≤ 1 (i.e.,
√ ξ < 1 for heterodyne detection with r = 1
and ξ <
2 for IMDD detection with r = 2). Consequently, only in this case the diversity order is determined
2
by ξr ; otherwise, the diversity order is determined by ν2 and
decreases as ν increases implying that the outage probability
performance is dominated by the effect of the path-loss of
the interference sources. In the special

case where m = µ
2

and K = 1, we have ϒ = − 0(m) and the first term
in the RHS of (38) boils down to the asymptotic cdf of the
SIR in PPP interference-limited Nakagami-m fading given by

2
AI 0(m− ν2 )
ν

 mγth
, which is in agreement with previously
γ̄
2
0(m)0 1− ν

obtained results in [62, Eq. (56)] and [53].
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Pout (γth )
 2 X
L X
τl
ξ r
≈
√
δ
e
µ1
B l l δl
π
l=1 ϒ


Q3
1i 
 δj 
3
0
δ
−
δ
X
i
j 1j
i=1,i6=j
B2r l 2r γth 1j


, (39)
×
e
µr
0 ξ2 + 1 − δ r
1 − Fγ(c)
(γth )
R

j=1

j 1j

(c)

where FγR (γ ) is given in (5) and (18) under noise-limited
and interference-limited scenarios. Note that, in comparison
to (16) and (22), (39) alleviate the need for infinite series of
Fox’s H-functions, thereby providing highly efficient analytical tools. It should be noted that the asymptotic expression
for the outage probability in (39) is dominated by the effects
of the RF link at high FSO SNRs. Moreover, it can be
shown using (39) that the diversity order is equal to Gd = 0
meaning that the outage probability curves will saturate at
high SNRs and increasing the SNR does not improve the
system performance.



Pm−µ
Pm−µ Qp
P
K  ν2
p+1
where ϒ = K
p=1 p p (−1)   j1 =0 . . . 
jp =0
n=1 Cjn
−r
P
Pmj1
Pmjp Qp
n
p
p
2
r1 =0 . . .
rp =0
n=1 rn − ν .
n=1 rn ! 0
Proof: See Appendix B.
From the above expression, the diversity gain for the out2
Lβ 2
age probability is given by Gd = min{ ξr , Lα
r , r , ν }. It can
be observed that, since 2 ≤ ν ≤ 5, ν2 varies from 1 to 2/5;

0 m− ν2

Another insightful asymptotic performance stems from
fixing the average SNR in either RF or FSO link while
varying the other SNR. Here, we assume that the average
electrical SNR of the FSO link (e
µr ) goes to infinity for a
fixed and finite valued average SNR/SIR per user in the RF
link. Then applying [66, Eq. (1.8.4)] to (24) yields the outage
probability of the end-to-end SNR/SINR in the asymptotic
regime as

B. ASYMPTOTIC AVERAGE SEP

The asymptotic error probability is obtained using the MGF
approach for the asymptotic Fγub (γth ) obtained in (36) that
gives the asymptotic MGF in the noise-limited scenario as
 
0 (1 + min {K µ, δ}) 1 min{K µ,δ}
∞
Mγub (s) ≈ 31
. (40)
γ̄
smin{K µ,δ}
While in the interference-limited scenario it becomes

n
o
n
o
0 1 + min ν2 , δ  1 min ν2 ,δ
n
o
, (41)
Mγ∞ub (s) ≈ 32
γ̄
min ν2 ,δ
s
where 31 and 32 Rare constants obtained by matching
∞
Mγub (s) = 1 − s 0 e−st (1 − P∞
out (t))dt with (40) and
(41) when γ̄ = e
µr . Inserting the obtained asymptotic MGF
into (31), the asymptotic error probability is expressed as

31 0 (1 + min {K µ, δ})



  − min{K µ,δ} , I = 0;


1



a2p γ̄

τ
M 



βM 9 X
2
B∞ =
;
3
0
1
+
min
,
δ
 2
π
ν
p=1 


n
o
, I 6= 0


 − min 2 ,δ

ν


1


a2 γ̄
p

(42)
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√
R π/2
π0(G + 1 )
where 9 = 0 sin2 (θ )Gd dθ = 20(Gdd+1)2 . As can
be observed from (42), the considered system under noiselimited and interference-limited scenarios has the same diversity gain only when ν = 2, K = 1, and µ = 1
(Rayleigh or Rice fading), with an SINR gap between the
two scenarios that depends on the coding gain given by
10 log10 (31 /32 ) dB.
Exploiting the SEP upper bound in (33) while resorting to the asymptotic expansion of the Fox’s H-function
i
h
R(bj )
m,n (x) ≈ x c , where c = min
,
[58, Eq. (1.8.1)] Hp,q
Bj
x→0

where 1 is the Lagrange parameter and Y ∈ {P, d} with
respect to the desired parameter PX , dX , X ∈ {F, R}, and
solving the obtained equation equated to zero.
A. RELAY POSITIONING UNDER FIXED
POWER ALLOCATION

The optimal relay position that minimizes the system outage
probability under a predetermined power allocation is the
solution of
e−δδdR −

j=1,...,m

yields

B

∞

=

βM

ξ 2 rA

I

2π

τM X
L X
X

o
n
min ν2 ,rJ ,R

XX
ES ,J
τl
5S J
, R
,

p=1 l=1 ϒ
S \∅ J


!min 2 ,rJ ,R , ξ 2 , δl
ν
r 2r

min
e
µr

n

ξ 2 δl
r , 2r

2
a2p



2
ξ 2 δl
×0 1+min , rJ ,R , ,
,
ν
r 2r

o

×

(43)

V. RELAY ASSISTED TAPS/USER SELECTION
OPTIMUM DESIGN

This section addresses the optimum resource allocation
strategies including power and position allocation. We denote
the distance between the K users and the relay by dR , while
the distance between the relay and the optical source by dF .
Under the scenario where the RF received power decays with
the distance, the average value of the per user average SNR
−θ
is expressed as γ̄ = PR dR
, where PR is the power of the
signal per user and θ is the path loss exponent on the RF
link. According to Beer-Lambert law [63], the optical beam
power has an exponential decay with propagation distance
with e
µr = PF e−σ dF , where δ is the overall attenuation
coefficient. To proceed with the analysis, two constraints are
assumed including the total signal power of the two hops
Ptot = PF + PR and the total distance Dtot = dF + dR .
The joint optimization of power allocation and relay locations that minimizes the outage probability subject to sum
power and distance constraints is written below
 δ
 {K µ, 2 }
ν
γth
γth
Minimize Pout = 3
+ G
e
µr
γ̄
s.t. PF + PR ≤ Ptot ,
where
G =


(µ(1+κ))K µ

, Noise-limited case;
  µκ+m Km

 m
(µ−1)!K
AI







µκ+m
mµ(1+κ)

0



− ν2

− 2



ν

(44)

θb−1
dR
= 0,

(45)

where b = {K µ, ν2 }. Solving the above equation yields the
expression for the optimum relay position for general values
of θb as

 1 !
θ be−σ δDtot G PδF 1−θ b
σδ
(θ b − 1)W θ b−1
b
σ δ3PR

, (46)
σδ
where W(·) is the principal branch of the Lambert function [56]. When the outage probability performance is dominated by the effect of the path loss of the interference sources
(i.e., b = ν2 ), then assuming that θ = ν (i.e. desired and
interfering signals subject to equal path-loss), (46) reduces to
!
2
W
∗
dR
=

ν
(σ δ)2 eσ δDtot 3PR
δ
2G PF

σδ

,

(47)

∗ = D − d∗ .
and dF
tot
R

B. ADAPTIVE POWER ALLOCATION
UNDER FIXED RELAY POSITION

The optimum power allocation subject to sum power constraint Ptot is obtained from solving the equation stemming
from taking the derivative of the Lagrange cost function with
respect to PF and 1 and setting to zero, thereby yielding

 1
δ+1
3δ b+1 σ δdF b+1
− θb
e b+1 PF + PF = Ptot .
(48)
dR b+1
Gb
It is hard to find a closed-form expression for the optimal
source power. However, a numerical solution can be found
by standard iterative root-finding algorithms, such as the
Bisection’s method and Newton’s method. As a special case,
when δ = b, we can find the optimal relay power as follows
!−1
  1
θb
b+1
σ δdF
3
−
P∗R = Ptot 1 + dR b+1
e b+1
,
(49)
G
and

The

ϒ, Interference-limited case.

optimum design of the considered system follows from differentiating the Lagrange cost function Pout +1(YF +YR −Ytot ),
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σ δ3PbR

∗
=
dR

thereby corroborating (42).

s.t. dF + dR = Dtot ,

θ be−σ δDtot GPδF

∗

θb
b+1

PF = Ptot 1 + dR



G
3



1
b+1

e

−σ δdF
b+1

!−1
.

(50)

From (50), it can be deduced that the optimal power P∗R
increases if (i) the interference level γ̄I (recall here that we
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2

have AI = λ (γ̄I ) ν 6(ν) in G) affecting the RF users rises,
or (ii) the power attenuation due to the distance travelled by
the signal is larger for the RF hop compared to the FSO hop.
VI. mmWAVE MULTIUSER MIXED FSO-RF SYSTEMS

The modeling of the mmWave-based links is well-known for
LOS wireless backhaul links. The Rician channel model is an
appropriate model for near LOS conditions and has been well
established for different mmWave-based applications.
Yet, to theoretically obtain the Rician distribution as special case of the κ-µ shadowed fading, we need to set µ = 1
and tend m −→ ∞. However, in practice, the κ-µ shadowed distribution converges rapidly to the Rician distribution,
i.e., for m ≈ 15 − 20 [57].
Noise-limited regime in mmWave networks may happen
when most of the interfering sources are susceptible to blockages and obstacles and the received interference power is
low enough that the thermal noise is dominant. Alternately,
depending on the density of interfering sources, density of
the obstacles, and operating beamwidth, mmWave network
performance may degrade due to interference (interferencelimited regime).
It is quite straightforward to obtain the outage probability
and SEP of mmWave multiuser hybrid FSO-RF systems by
using the results of section III and IV. In particular, the asymptotic outage probability in mixed FSO/multiuser mmWave
networks is obtained from (36) and (38) as
 min{ ξ 2 , Lβ , Ln }
r
r
r
γth
MMv (a)
Pout = 3
e
µr



(1 + KR )γth K

−KK

R
e
,
I = 0;


ē

γ
2


+
(1 + KR )γth ν
A0


ϒ(m ← ∞) I2
, I 6 = 0.


ē
γ

0(− )
ν
(51)
where KR , KRI
> 0 are the Rice factors of the
selected user and interference sources, respectively, and
A0I = AI (mI → ∞, µI = 1, κI = KRI ) =


2
−K
1
λ(γ̄I ) ν π0(1− ν2 )e RI 1,1
−1 1,1, 2
G3,2 KRI 2 1 . Moreover, (a) follows
2
(1+KRI ) ν

ν ,2

by letting µ = 1, κ = KR in (38) while applying
−m
lim 1 + mx
= e−x .
m→∞
Path loss models for mmWave signals have been recently
proposed in [64] and [65] inferring that the average received
power over the relay-user link is
 


λW 2 d0 θ
,
(52)
γ̄ = PR
4π d0
dR
where d0 is a free-space reference distance set to 5 meters
in [64], [65], and λW stands for the wavelength (7.78 mm in
38 GHz and 10.71 mm in 28 GHz). Moreover, the value of
the path-loss exponent θ is equal to 2.2 in 38 GHz and 2.55
in 28 GHz.
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VII. NUMERICAL RESULTS

Here we report on various numerical performance results
obtained for the outage probability and average SEP expressions derived in Section V for mixed TAPS/user selection AF
relaying operating over Málaga-M and shadowed κ-µ fading channels with cochannel interference. More specifically,
we obtained the following results: 1) Pout versus SNR/SIR
per user (obtained using (16) and (36) in the noise-limited
scenario, and (22), and (38) in the presence of PPP distributed
interference; see Figs. 2, 3, 4, and 7); 2) The SEP B versus
SNR/SIR per user (obtained using (30), (28) and (42); see
Figs. 5 and 6). To validate the accuracy of the aforementioned
expressions we compare them with empirically Monte-Carlo
simulation performance results.

FIGURE 2. The outage probability of noise-limited user selection in mixed
Málaga-M/shadowed κ-µ relay networks for different numbers of
transmit apertures L = {1, 2, 3, 5} and users K = {1, 3, 5} when γth = 5 dB.

Fig. 2 shows the outage probability for the TAPS/user
selection AF relay network in the noise-limited scenario versus the average SNR. The results are calculated for different
numbers of transmit FSO apertures L = {1, 2, 3, 5} and
different numbers of users K = {1, 3, 5}. In particular,
we assume that both users and interferers undergo shadowed
κ-µ fading with m = 3, µ = 1 and κ = 2. For the FSO
link, the parameters of the Málaga-M distribution are chosen
as α = 2.5, β = 1 and ξ = 2.1. We can observe that
Pout improves with increasing K and/or L. Moreover, the performance evaluation results show that the theoretical outage
probability curves are sufficiently close to those obtained by
computer simulations and that the asymptotic expansion of
Pout in (36) is quite tight, particularly at high SNR values.
In Fig. 3, we show the outage performance of interferencelimited TAPS/SIR-based user selection versus the average
SNR per user for a number of transmit apertures L = 2,
a number of users K = 2, path-loss exponents ν = {2.3, 3, 4},
an INR γI = 5 dB, and λ = 10−4 . We observe very clearly
that the outage probability improves with increasing ν and
that the Monte-Carlo simulation-based curves are in are in
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FIGURE 3. The outage probability of mixed FSO/interference-limited
multiuser relay networks with selection among L = 2 apertures for
different various path-loss exponents ν = {2.3, 3, 4}.

FIGURE 4. The outage probability of noise-limited user selection in mixed
Málaga-M/mmWave relay networks for different values of the Rice
factor KR = {1, 10} and threshold γth = {0, 5} dB.

excellent agreement with those obtained with our developed
analytical results and their associated asymptotic expressions.
Fig. 4 shows the outage probability of a mmWave multiuser AF relay network with aperture selection for a noiselimited scenario versus the average SNR for different values
of γth = {0, 5} dB. We verify that the analytical curves for
the shadowed κ-µ distribution with κ = KR , µ = 1 and
sufficiently large m set to m = 15 for sufficient numerical
accuracy perfectly matches those plotted by Monte-Carlo
simulations in the Rician case. Furthermore, we observe that
a larger γth increases the outage probability.
Fig. 5 depicts the average SEP performance of mixed
TAPS/user selection relay systems in Málaga-M and shadowed κ-µ fading channels both for L = K = {1, 3}. In the
legend, we have identified some particular turbulence and
fading distribution cases that simply stem from the general
Málaga and κ-µ shadowed fading scenarios, respectively.
In particular, when g = 0 and φ = 1, (28) reduces to the SEP
for Gamma-Gamma (G-G) TAPS/SNR-based selection over
shadowed κ-µ fading. The latter, includes as special cases
73776

FIGURE 5. The average SEP of noise-limited user selection in mixed
Málaga-M/shadowed κ-µ relay networks with L = K = {1, 3} and QPSK
modulation.

FIGURE 6. The average SEP of mixed Málaga-M/shadowed κ-µ relay
networks with the use of TAPS/max-SNR user selection in the presence of
PPP interference fields for different path loss exponent ν = {2.3, 3, 4} and
intensity of interferers per unit area λ = {10−2 , 10−4 } when L = 2
and K = 2.

κ-µ (m → ∞), Nakagami-m (µ = m and κ → 0), Rayleigh
(µ = m = 1 and κ → 0), and Rice (µ = 1, κ = K and
m → ∞), to name a few [54, Table I]. The exact match
with Monte-Carlo simulation results confirms the precision
of our theoretical analysis. Moreover, we notice that the exact
and asymptotic expansion in (30) and (42), respectively, agree
very well at high SNRs.
Fig. 6 presents the average SEP performance of
interference-limited user selection with identical PPP interference versus the distance between the relay and the
macrocell users dk . We plot the error rate for different pathloss exponent values ν = {2.3, 3, 4} when the number of
transmit apertures L = 2 and the number of users K = 2,
the average INR is of 5 dB and modulation scheme is QPSK.
We observe that the error probability increases when the
distance dk increases, while it deceases when the path-loss
exponent increases. Moreover, the error probability significantly degrades with an increasing density of interferers per
unit area.
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proposed power/position allocation formula in (46) and (50)
on the outage performance and compare then to the case of no
power allocation. We observe that the benefits of optimizing
the relay position outperforms those of optimizing power
allocation.
VIII. CONCLUSION

FIGURE 7. The outage probability of mixed Málaga-M/shadowed κ-µ
relay networks with the use of TAPS/max-SNR user selection for different
PPP interference profiles when L = K = 5.

FIGURE 8. The outage probability for different power/positions
allocations with TAPS/max-SNR user selection when k = 2, L = {2, 4},
and r = {1, 2}.

Fig. 7 depicts the outage probability of TAPS/SNR-based
user selection versus the average per user SNR over shadowed
κ-µ fading with m = 3, µ = 1 and κ = 5 under the same
power level of interference among users with γ̄I = 5 dB.
We assume a fixed average electrical SNR of the FSO link
of e
µr = 10 dB and strong turbulence conditions (i.e., with
β = 1, α = 2.5) and IM/DD detection (i.e., with r = 2).
The analytical results illustrate the outage expression derived
in (22). In fact, the system saturates as the average transmitted
power over the first hop is constant. The limitation is mainly
observed by the creation of the outage floor that substantially
degrades the system performance. The degradation caused by
increasing the number of interferers or path loss exponent is
confirmed again and both analytical and simulation curves
show a quasi-perfect match.
Fig. 8 shows the impact of power/position allocations on
the outage probability of SNR-based user selection in a mixed
TAPS FSO/multiuser AF relay system against Ptot = ET dB
when γth = 0 dB, κ = 5, µ = 1, m = 2, α = 2.5, β = 1,
and ξ = 3.5. Moreover, we investigate the impact of the
VOLUME 7, 2019

We presented in this contribution new formulated problems
that integrate different processing designs and network conditions in mixed FSO-RF relay networks. We also considered
a very generic two-hop propagation model over Málaga-M
optical channels with pointing errors on the first hop and
shadowed κ-µ distributed radio channels that account both
for LOS and NLOS scenarios on the second hop in the presence of Poisson field interference. First of all, we analyzed
the performance of mixed FSO-RF control-access schemes
for multiuser networks using TAPS/max-SNR user selection. We also developed, new analytical results for some
key performance metrics, namely, the outage probability and
the average SEP under PPP interference, then obtained their
asymptotic approximations from which we have been to
characterize key performance indicators, such as the diversity
and coding gains. We were then able to extend our treatment
to cover the compelling case of mmWave user selection
made possible owing the suitability of the shadowed κ-µ
distribution in modeling LOS channels. Under weak atmospheric turbulence conditions, we showed that the system is
dominated in performance by the RF channels and achieves
a full diversity order of K µ and ν2 in in noise-limited and
PPP interference-limited scenarios, respectively. Whereas, its
performance is dominated under severe atmospheric turbulence conditions by the FSO channel and its diversity order
is proportional to the minimum value of L times the turbulence fading parameters and the pointing errors parameter.
we showed that the proposed power and position allocation
formulas improve significantly the outage performance.
APPENDIX A
(c)
CALCULATION OF FγR (γ )

For the outage probability expression in (15), the ccdf of γR
can be expressed as
γ

b
Fγ(c)
(γ
)
=
Pr
≥
γ
R
Z ∞I
=
Fγ(c)
(γ y) fI (y)dy,
b

(53)

0

where fI (y)
=
h
i
2
exp −λ (γ̄I z) ν 6(ν)

L−1 {ψI (z),
 y} and ψI (z)

=

−
=
λ (γ̄I z) 6(ν)
,
(0, 1)
under identical interference on users Ik ∗ = I, for k =
1, . . . , K with average power γ̄I . Now the ccdf of γb defined
as the post-user selection SNR is obtained in (5). Inserting
the latter into (53) then applying the binomial expansion and
1,0
H0,1

2
ν
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averaging over the distribution of I yields
X XX
Fγ(c)
(γ ) =
(−1)Q−1 CS ,J ,R γ rJ ,R e−ES,J γ J ,
R
S \∅ J

R

as follows
FγF (γ ) = 1 − 2ξ 2

p
L
X
√ X
g X
gX
g Y
(−1)p−1 (A π )p
k

p=1

(54)

i

j

t=1


2jt 9kt ,it 0(α + kt − it − 12 )
2 Pp
(2Bp) 2ξ − t=1 jt
α+k
−j
B t t
jt !
v


u  1
  ξ2
p
u
X
r
r
γ
t γ


×
0
jt − 2ξ 2 , 2Bp
,
e
µr
e
µr

where

×

h
i
J = Ey I rJ ,R e−ES,J I γ
 rJ ,R

d
ψI (z)
(a)
= (−1)rJ ,R
|z=ES,J γ
dzrJ ,R


2
(−1)rJ ,R
(b)
(0, ν2 )
2,0
ν
H
A
(E
γ
)
,
=
I S ,J
(rJ ,R , ν2 ), (0, 1)
(ES ,J γ )rJ ,R 1,2
(55)
2

where AI = λ (γ̄I ) ν 6(ν), (a) follows from the Laplace
transform property [58, Eq. (1.1.2.9)], and (b) follows
from the derivative property of the Fox’s H-function
[58, Eq. (2.2.2)]. Using (55) we obtain the ccdf expression
in (18) which entails an insolvable integral of shifted Fox’s
H functions, if plugged into (15). Therefore, for sake of
tractability, J can be further expanded as
(c)

J = (−1)rJ ,R e−AI z

Pk

r
2 J ,R
ν

X

2

8k (−AI z ν )k ] |z=ES,J γ ,

k=0


(−1)i ν2 k− ν2 i−rJ ,R

t=1

(58)
P
Pβ
Pβ P
αβ
e
e
where B =
=
=
k
i
k1 . . .
kp ,
gβ+φ ,
3
3
Pα−k1−12 Pα−kp−12
P
P
P
α+k
−i
−
α+k
−i
−
p p 2
1 1 2
. . . ip
, and e j =
. . . jp
.
i1
j1
q

a

For large values of e
µr it holds that 0(a, z) ≈ 0(a)− za . Then
z→0

keeping in mind that K−ν (z) = Kν (z) in (8), the asymptotic
ν6∈Z

expansion of the FSO TAPS SNR corresponding to its pdf
series expansion from (58) is obtained as


FγF (γ )

(56)

'

e
µr →∞

3



γ
e
µr

min

ξ 2 Lβ Ln
r , r , r



,

(59)

where
rJ ,R

with (a)n being
where 8k =
i=1
i!(k−i)!
the Pochhammer symbol [56], and (c) follows from the differentiation of the exponential function. Using the Taylor series
expansion of the exponential, and after some mathematical
manipulations, we obtain
J = (−1)rJ ,R (ES ,J γ )−rJ ,R
∞ rX
J ,R
X
2
(−1)k+j 8k
×
(ES ,J γ ) ν (k+j) (AI )k+j .
j!

(57)

j=0 k=0

Inserting (57) into (54) yields (19), and this concludes the
proof.


L

X
√

2X
g X
g X


(−A π )p (2 Bp)2ξ
2
e 41 ,


i
j
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p=1


2



δ = ξr ;




√
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A π 22β−1 ψβ,α−β− 1


2
3
,
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Bα−β (ξ 2 − β)

ξ2



δ = Lβ


r ;



√
!
L


A π 22α−1 ψβ,β−α− 1


2

,



Bα−β (ξ 2 − α)




δ = Lα .

(60)

r

APPENDIX B
ASYMPTOTIC FγX , X ∈ {F , R}

The asymptotic performance of a dual-hop relaying system
depends on the behavior of fγX (y), X ∈ {F, X } at y = 0+ .
Assume that fγX (y) accepts a Taylor series expansion at y →
0+ as fγX (y) ≈ aX ybX + o(ybX ), where aX and bX are
y→0+

appropriate constants. Then the corresponding per hop cdf
can be approximated as FγX (y) ≈ aX /(bx + 1)ybX +1 +
y→0+

o(ybX ).
A. CALCULATION OF Fγ∞
(γ )
F

Before delving in the asymptotic expansion of the first-hop
FSO TAPS cdf, it is more convenient to reexpress FγF in (12)
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Qp 9kt ,it 0(α+kt −it − 21 ) Pp
2 and
with 41 =
0
j
−
2ξ
t
α+k
j
t
t
t=1
t=1
 B p jt !
 2
Lα
,
δ = min ξr , Lβ
r
r .
B. CALCULATION OF Fγ∞
(γ )
R

In the RF side, the users are assumed to have identical channels i.e., Nk = N and the set of parameters
{Cj,k , mj,k , j,k } = {Cj , mj , j } for k = 1 . . . K . Moreover,
when µ ≤ m, we have
j =  =

γ̄
µκ + m
,
m µ(1 + κ)

j = 1, . . . , N

(61)

with γ̄ being the average SNR.
VOLUME 7, 2019

I. Trigui et al.: Multi-User Mixed FSO-RF Systems With Aperture Selection Under Poisson Field Interference

1) NOISE-LIMITED SCENARIO

After applying the Taylor series expansion of exponentials
(e−x ≈ 1 − x as x → 0 ), the cdf in (4) simplifies when
m ≥ µ to

K
m−µ
 γ m−j
X
(a)
Cj

Fγb (γ ) ' 
(m − j − 1)! 
j=0


Cm−µ K  γ K µ
'
, (62)
γ̄ →∞ (µ − 1)!

Pm−µ
where (a) follows after recognizing that j=0 Cj = 1 with

µκ+m −i µκ+m m−µ−i
Ci = m−µ
.
i ( m ) ( µκ )
2) INTERFERENCE-LIMITED SCENARIO

In this case, the asymptotic cdf of the RF SIR depends on the
behavior of fγR (y), given in (6) at y = 0+ . Then, differentiating (6) over γ yields

X XX
d
1−
5SJ R
fγR (γ ) =
dγ
S \∅ J R


2
(0, ν2 )
2,0
×H1,2
AI (ES ,J γ ) ν
(rJ ,R , ν2 ), (0, 1)
X XX
5SJ R
= −γ −1
S \∅ J

R


(0, ν2 ), (0, ν2 )
.
(rJ ,R , ν2 ), (0, 1), (1, ν2 )
(63)


 
Using the identities 0 1 − ν2 s = − ν2 S0 ν2 S and 0(1 +
 
2
2
2
s)
=
S0
ν
ν
ν s along with the definition of the Fox’s
H-function [58, Eq. (1.2)], fγR (γ ) can be written as
X XX
fγR (γ ) = γ −1
5SJ R

2
2,1
×H2,3 AI (ES ,J γ ) ν
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2,0
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AI (ES ,J γ )

2
ν

(0, ν2 )
(rJ ,R , ν2 ), (0, 1)
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The above pdf can be expanded as
  2

pγ ν
1t 2,0
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H AI
,
(rJ ,R , ν2 ), (0, 1)
γ 1,2


(64)

(65)

where
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K
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m j1
m−µ
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j1 =0

jp =0 r1 =1

...

mjp


p 
XY
Cjn
...
.
rn !prn
rp =1 n=1

(66)
Recall that the Fox’s H-function has the following power
series expansion [66, Eq. (1.3.7)]:

 X
m X
∞
bj +l
(ap , Ap )
m,n
Hp,q x
=
h∗jl x Bj ,
(67)
(bq , Bq )
j=1 l=0
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where the constants h∗jl are given by [66, Eq. (1.3.6)]
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j
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×Q
q
Bi
0
1
−
b
+
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+
l]
i
j
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Bj

(68)

Then keeping only the first two terms in the series expansion
of fγR (γ ), we show that
FγR (γ )

'

γ̄ →∞

1t


ν  pγ rsum
ν 0(−rsum ν2 ) rsum

2
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,


2 0(−rsum ) I





2


if > rsum ;


ν
(69)
0(rsum − ν2 )  pγ  ν2


,
−
AI


2



0(− )


ν



2

if < rsum ,
ν
PK
where rsum =
p=1 rp . From (69), it is evident that the
diversity order of the considered system is determined either
by K µ or by ν2 and is equal to min{ ν2 , K µ}. However, since
K µ > 1 as we assume only integer values of µ, the diversity
order is determined by ν2 and decreases as ν increases.
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