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Abstract—This paper presents two new implementations
of the maximum likelihood (ML) time delay estimation
(TDE) from multi-carrier (MC) Direct-Sequence Spread
Spectrum (DSSS) in multipath MIMO transmissions that
will characterize future 5G radio interface technologies
(RITs). The first TDE, based on expectation maximization
(EM), provides accurate estimates of the delays when
a good initialisation of the parameters is available. The
second TDE returns the global maximum of the compressed
likelihood function (CLF) using the importance sampling
(IS) technique without requiring any initialization. In-
terestingly, in the non-data-aided (NDA) case, temporal,
spatial (transmit and receive), and frequency samples have
the same impact on estimation accuracy and performance
bound which depends on the product of these dimensions
regardless of the channel correlation type. Furthermore, we
cope with such channel correlations that arise in practice
and, hence, become very challenging both in estimation and
CRLB derivation in the data-aided (DA) case, but that have
been so far overlooked in previous works.

Index Terms—DSSS, 5G, TDE, post-correlation model (PCM),
ML, CRLB, EM, importance sampling (IS), DA, NDA.

I. INTRODUCTION

MC DSSS RITs are able to operate at high data rates
with high bandwidth efficiency and are robust to adverse
conditions of channel frequency selectivity [4, 5], more
so when implemented in MIMO structures. Therefore,
they have the potential to be adopted in future 5G high-
density wireless networks. Yet, to ensure good perfor-
mance, these systems require large time synchronization
capabilities. In this work, we focus on the post correla-
tion model (PCM) of the despread data which presents
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the signal in a manifold structure that has been massively
studied in the area of array signal processing. To date, an
implementation of root-MUSIC was initially presented
in [6] to estimate the time delays. As a low-complexity
subspace-based method, it relies on the maximization
of the spectrum of the received signal to find its peak
frequency components. The present work investigates
the ML-based TDEs for MIMO MC-DSSS systems that
avoid the computationally-prohibitive multidimensional
grid-search approach using the PCM [5, 6]. Without lack
of generality, we consider MC CDMA array receivers as
a case of study.
We first develop an efficient iterative solution for the es-
timation of the delays using the EM concept. While this
concept was previously leveraged to solve the problem
of multiple time delays estimation [7], it has not been
adapted to the context of MIMO MC-DSSS systems.
Alternatively, when an initial guess is not available, we
resort to the IS concept to find the global maximum of
the CLF in a non-iterative way.
The contributions of this work cover MC DSSS with any
antenna configuration. While the MC DSSS show-case
considered herein, without lack of generality, is MC-DS-
CDMA, all developments presented in the article remain
valid for other single carrier (SC) or MC DSSS RITs
such as cdma2000, WCDMA, IEEE 802.11b imple-
mented standards, multitone-CDMA [8] and prospective
5G coded-domain NOMA [9].
In [1], we proposed an EM ML TDE for SIMO DS-
CDMA transmissions with a straightforward extension to
MC-DS-CDMA by applying the EM algorithm on each
subcarrier separately and then averaging the resulting
estimates from all subcarriers. Here, we propose 1) a
more judicious implementation of the algorithm to MC-
DS-CDMA by applying it only once over all subcarriers
jointly, 2) we extend it to the DA case; and 3) from
SIMO to MIMO transceivers. A basic version of the
IS TDE was also presented in [2] for SIMO SC-DS-
CDMA NDA only. Here we 4) consider the cases of
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DA, MC, and MIMO transmissions. We also 5) develop
for the first time the most general closed-form CRLB
expressions ever for MC DSSS transmissions with either
SISO, SIMO, MISO, or MIMO transceiver structures
with any diversity versus multiplexing pre-coding type,
apply in both NDA and DA cases, and account for
the impact of channel correlation in space, time, and
frequency that arise in the DA case but that have been
overlooked in previous works.

II. SYSTEM MODEL

A. NDA MC Transmissions

We consider a SIMO MC-DS-CDMA communication
system where the receiver is equipped with 𝑀 receive
antennas and a multipath channel consisting of 𝑃 differ-
ent paths. The received signals over each subcarrier are
decorrelated with the spreading code and sampled at the
chip rate 𝑇𝑐. Denoting the processing gain by 𝐿 = 𝑇/𝑇𝑐
where 𝑇 is the symbol duration, the post-correlation
data of the spatio-temporal observation during the 𝑛𝑡ℎ

received symbol and the 𝑘𝑡ℎ subcarrier is [6]:

𝒁𝑘,𝑛 = 𝑱𝑘,𝑛𝑫𝑘(𝝉 )
𝑇 𝑠𝑘,𝑛 +𝑵𝑘,𝑛,𝒁

𝑇
𝑘,𝑛, (1)

where the unknown delays are gathered in the parameter
vector 𝝉 = [𝜏1, . . . , 𝜏𝑃 ]

𝑇 , 𝑠𝑘,𝑛 is the unknown trans-
mitted symbol, and 𝑵𝑘,𝑛 is the 𝑀 ×𝐿 post-correlation
noise matrix. The 𝑝𝑡ℎ column of the matrix 𝑫𝑘(𝝉 ) that
gathers the time delay parameters, 𝜏1, . . . , 𝜏𝑃 , is:

d𝑘,𝑝=𝑒
−𝑗2𝜋𝑘𝜆

𝜏𝑝
𝑇𝑐𝑀𝑐

[
𝜌𝑐(−𝜏𝑝), 𝜌𝑐(𝑇𝑐/𝑘𝑠−𝜏𝑝)𝑒𝑗2𝜋𝑘 𝜆

𝐿𝑘𝑠 ,

. . . , 𝜌𝑐((𝐿𝑘𝑠−1)𝑇𝑐/𝑘𝑠 − 𝜏𝑝)𝑒𝑗2𝜋𝑘
𝜆(𝐿𝑘𝑠−1)

𝐿𝑘𝑠

]𝑇
, (2)

where𝑀𝑐 is the number of subcarriers, 𝜆 determines the
frequency spacing between two adjacent subcarriers and
𝑘𝑠 is the oversampling ratio [8]. We assume here that
the time delays are the same across all subcarriers [8].
In (2), 𝜌𝑐(.) is the correlation function of the spreading
code. Unlike the SC case in [1], the received samples
𝒁𝑘,𝑛 cannot be directly used as an input to the algo-
rithms because of the presence of the exponential terms
𝑒𝑗2𝜋𝑘

𝜆𝑙
𝐿𝑘𝑠 in the vector d𝑘,𝑝. Therefore, we introduce the

intermediate variable �̇�𝑘,𝑛 defined as:

�̇�𝑘,𝑛 = 𝒁𝑘,𝑛⊙
(
𝒂1𝑇

𝑀

)
= 𝑠𝑘,𝑛𝑱𝑘,𝑛�̇�

𝑇
𝑘 (𝝉 ) + �̇�𝑘,𝑛, (3)

where 𝒂 ≜
[
1, 𝑒−𝑗2𝜋 𝜆

𝐿𝑘𝑠 , . . . , 𝑒−𝑗2𝜋
𝜆(𝐿𝑘𝑠−1)

𝐿𝑘𝑠

]𝑇
, ⊙

stands for the element-wise product, and 1𝑀 ≜
[1, . . . , 1]𝑇 . The 𝑝𝑡ℎ column of �̇�𝑘(𝝉) is given by:

ḋ𝑘,𝑝 = d𝑘,𝑝⊙𝒂 = 𝑒−𝑗2𝜋𝑘𝜆
𝜏𝑝

𝑇𝑐𝑀𝑐

[
𝜌𝑐(−𝜏𝑝),

𝜌𝑐(𝑇𝑐/𝑘𝑠 − 𝜏𝑝), . . . , 𝜌𝑐((𝐿𝑘𝑠 − 1)𝑇𝑐/𝑘𝑠 − 𝜏𝑝)
]𝑇
. (4)

While the formulation in (3) seems to be adapted to our
estimation process, the phase shift 𝑒−𝑗2𝜋𝑘𝜆

𝜏𝑝
𝑇𝑐𝑀𝑐 in each

column of �̇�𝑘(𝝉 ) prevents us from using directly the

signal structure in (3). To overcome this problem, we
note that �̇�𝑘(𝝉 ) can be written as �̇�𝑘(𝝉 ) = 𝑫(𝝉 )𝑨𝑘

where 𝑨𝑘 is a 𝑃 × 𝑃 diagonal matrix whose diagonal
elements are 𝑒−𝑗2𝜋𝑘𝜆

𝜏𝑝
𝑇𝑐𝑀𝑐 , 𝑝 = 1, . . . , 𝑃 . Finally, to

exploit gains from the frequency dimension, we gather
all the transformed observations over the different sub-
carriers into the following compact representation:

𝒁𝑛≜
[
�̇�𝑇

1,𝑛, �̇�
𝑇
2,𝑛, . . . , �̇�

𝑇
𝑁𝑐,𝑛

]
=𝑫(𝝉 )𝑱𝑇

𝑛 +�̇�𝑇
𝑛 , (5)

with 𝑱𝑇
𝑛 ≜

[
𝑨1𝑱

𝑇
1,𝑛, . . . , 𝑨𝑁𝑐

𝑱𝑇
𝑁𝑐,𝑛

]
and �̇�𝑇

𝑛 ≜[
�̇�𝑇

1,𝑛, . . . , �̇�
𝑇
𝑁𝑐,𝑛

]
. The main advantage of the formu-

lation in (5) is the increase of the number of observa-
tions, proportionately to the number of subcarriers. By
concatenating 𝑁 observed symbols, we obtain:

�̇� ≜
[
�̇�1, �̇�2, . . . , �̇�𝑁

]
= 𝑫(𝝉 )𝑱𝑇 + �̇�𝑇 , (6)

where 𝑱𝑇 ≜
[
𝑱𝑇
1 , . . . , 𝑱𝑇

𝑁

]
and �̇�𝑇 ≜[

�̇�𝑇
1 , . . . , �̇�𝑇

𝑁

]
. Before presenting the ML solutions,

we perform a column-by-column fast Fourier transform
(FFT) of �̇� to obtain:

퓩̇ = 퓓(𝝉 )𝑱𝑇 + 퓝̇ 𝑇
, (7)

where 퓝̇ 𝑇
is the resulting transformed noise matrix and

퓓(𝝉 ) depends only on the unknown delays as:

퓓(𝝉 ) = [𝒅(𝜏1), 𝒅(𝜏2), . . . , 𝒅(𝜏𝑃 )] , (8)

where 𝒅(𝜏𝑝) =
[
𝑐0, 𝑐1𝑒

− 𝑗2𝜋𝜏𝑝
𝐿𝑇𝑐 , . . . , 𝑐𝐿−1𝑒

− 𝑗2𝜋(𝐿−1)𝜏𝑝
𝐿𝑇𝑐

]𝑇
depends on the 𝑝𝑡ℎ delay and {𝑐𝑙}𝐿−1

𝑙=0 are the FFT
coefficients of the spreading code correlation function.

B. NDA MIMO Transmission

For MIMO transmission, we assume 𝑀Tx co-located
transmit antennas characterized each by its own spread-
ing code and 𝑀Tx sources 𝑠𝑘 for 𝑘 = 1, . . . , 𝑀Tx that
stem from any given mixture of other 𝑀Tx sources 𝑠′𝑘
for 𝑘 = 1, . . . , 𝑀Tx to translate pure transmit diversity,
pure transmit multiplexing, or any combination thereof,
then (7) also holds in the MIMO case:

퓩𝑘 = 퓓(𝝉 )𝑱𝑇
𝑘 +퓝 𝑇

𝑘 , (9)

where 𝑘 = 1, . . . , 𝑀Tx stands for the transmit antenna
index. For a more compact representation, we stack all
the 𝑀Tx matrices in (9) into one matrix 퓩MIMO ≜
[퓩1, . . . , 퓩𝑀Tx ].

III. THE EM-BASED ML TDE

We assume that the multipath fading coefficients,
gathered in 𝑱 , are random variables with unknown
diagonal covariance matrix 𝑹𝑱 . In the following, 𝑹𝑱
is assumed to be the same for all receiving antennas
and remains constant. We suppose that 퓩MIMO has



independent columns, denoted 퓩𝑖. Therefore, the log-
likelihood function (LLF) parametrized by 𝝉 and the
covariance matrix 𝑹𝑱 of the columns of 𝑱𝑇

𝑛 , is:

ℒ(𝝉 ,𝑹𝑱 ) = − ln
(
det

{
퓓(𝝉)𝑹𝑱퓓(𝝉 )𝐻 + 𝜎2𝑰𝐿

})

− 1

𝑀𝑁𝑁𝑐𝑀Tx

𝑀𝑁𝑁𝑐𝑀Tx∑
𝑖=1

퓩𝐻
𝑖

(
퓓(𝝉)𝑹𝑱퓓(𝝉 )𝐻+𝜎2𝑰𝐿

)−1퓩𝑖(10)

where det{.} returns the determinant of a square matrix
and 𝑰𝐿 is the 𝐿×𝐿 identity matrix. Rewriting the LLF
in (10) in a more compact form, we obtain:

ℒ(𝝉 ,𝑹𝑱 ) = − ln
(
det {𝑹퓩} )− tr

{
𝑹−1

퓩 �̂�퓩
}
, (11)

with �̂�퓩 = 1
𝑁total

∑𝑁total

𝑖=1 퓩𝑖퓩𝐻
𝑖 being an estimate of the

actual covariance matrix 𝑹퓩 and 𝑁total = 𝑀𝑁𝑁𝑐𝑀Tx.
Note here that the LLF, ℒ(𝝉 ,𝑹𝑱 ), depends on the vector
of interest, 𝝉 , and the unknown covariance matrix 𝑹𝑱 .
The goal is therefore to jointly maximize ℒ(𝝉 ,𝑹𝑱 ) with
respect to 𝝉 and 𝑹𝑱 .
Clearly, we cannot directly maximize the LLF in (11).
Thus, we resort to the iterative EM concept [7]. The pur-
pose is to decompose the observation vectors {퓩𝑖}𝑁total

𝑖=1

into 𝑃 complete-data from which the 𝑃 delays are
estimated separately. We first define the complete data:

𝒛(𝑝)(𝑖) = 𝑱𝑇 (𝑖, 𝑝)𝒅(𝜏𝑝) + 𝒏(𝑝)(𝑖),

𝑝 = 1, . . . , 𝑃, 𝑖 = 1, . . . , 𝑁total, (12)

where 𝒛(𝑝)(𝑖) can be seen as the 𝑖𝑡ℎ spatio-
temporal snapshot from the 𝑝𝑡ℎ path

(
i.e., 퓩𝒊 =∑𝑃

𝑝=1 𝒛
(𝑝)(𝑖)

)
and 𝒏(𝑝)(𝑖) is an arbitrary decomposition

of the noise. From (12), the covariance of 𝒛(𝑝)(𝑖),
𝔼
{
𝒛(𝑝)(𝑖)𝒛(𝑝)(𝑖)𝐻

}
is given by:

𝑹𝒛(𝑝) = 𝜀2𝑝𝒅(𝜏𝑝)𝒅(𝜏𝑝)
𝐻 + 𝜎2

𝑃 𝑰𝐿, (13)

with {𝜀2𝑝}𝑃𝑝=1 being the diagonal elements of 𝑹𝑱 .
In the E-step, we compute the conditional
expectations of the sample covariance matrices
{�̂�𝒛(𝑝)}𝑃𝑝=1 of the complete data, defined as

�̂�𝒛(𝑝) = 1
𝑁total

∑𝑁total

𝑖=1 𝒛(𝑝)(𝑖)
(
𝒛(𝑝)(𝑖)

)𝐻
. Given �̂�퓩 ,

𝑹
{𝑞−1}
𝑱 and 𝝉 {𝑞−1} (the estimates of 𝑹𝑱 and 𝝉 at

iteration (𝑞 − 1)
)
, the expectation of �̂�𝒛(𝑝) can be

evaluated as follows:

�̂�
{𝑞}
𝒛(𝑝) = 𝔼

{
�̂�𝒛(𝑝)

∣∣∣�̂�퓩 ;𝑹
{𝑞−1}
𝑱 ; 𝝉 {𝑞−1}

}
= 𝑹

{𝑞}
𝒛(𝑝)

(
𝑹

{𝑞}
퓩

)−1

�̂�퓩
(
𝑹

{𝑞}
퓩

)−1

𝑹
{𝑞}
𝒛(𝑝) +𝑹

{𝑞}
𝒛(𝑝)

−𝑹
{𝑞}
𝒛(𝑝)

(
𝑹

{𝑞}
퓩

)−1

𝑹
{𝑞}
𝒛(𝑝) , (14)

where the matrices 𝑹
{𝑞}
𝒛(𝑝) are computed at the 𝑞𝑡ℎ

iteration from the estimates 𝜏{𝑞−1}
𝑝 and 𝜀2𝑝

{𝑞−1}
already

computed at iteration 𝑞 − 1. Now, turning to the es-
timation of 𝑹

{𝑞}
퓩 , the procedure is different from the

one used in previous EM algorithms in [7] and [10]
where the covariance matrix of the received signal is

simply diagonal, contrarily to the problem at hand.
Therefore, we resort here to another approach to estimate
the covariance matrix 𝑹

{𝑞}
퓩 based on the method of

estimating Toeplitz-structured matrices detailed in [3].
During the M-step of the EM algorithm, we aim at
maximizing the LLF of the complete-data with respect
to the parameters of interest {𝜏𝑖}𝑃𝑖=1. It is the same
objective function given in (10), with the true expectation
of the complete data being replaced by the conditional
expectation of 𝒛(𝑝)(𝑖); in other words 𝑹퓩 is substituted
by 𝑹𝒛(𝑝) and �̂�퓩 by �̂�

{𝑞}
𝒛(𝑝) . Thus, we obtain the LLF

of the complete-data, ℒ𝑝(𝜏𝑝,𝑹𝒛(𝑝)), as follows:

ℒ𝑝(𝜏𝑝,𝑹𝒛(𝑝))=− ln (det {𝑹𝒛(𝑝)})−tr
{
�̂�

{𝑞}
𝒛(𝑝)𝑹

−1
𝒛(𝑝)

}
.

Then, at iteration 𝑞, the estimates 𝜏{𝑞}𝑝 and �̂�
{𝑞}
𝒛(𝑝)

are those which jointly maximize ℒ𝑝(𝜏𝑝,𝑹𝒛(𝑝)). Using
the eigen-decomposition1 of 𝑹𝒛(𝑝) , the LLF of the
complete-data can be expressed as:

ℒ𝑝(𝜏𝑝,𝑹𝒛(𝑝)) = − ln
(
𝜀2𝑝 +

𝜎2

𝑃

)
− (𝑀 − 1) ln

(
𝜎2

𝑃

)
(

1

𝜀2𝑝 +
𝜎2

𝑃

− 𝑃
𝜎2

)
𝒅(𝜏𝑝)

𝐻�̂�
{𝑞}
𝒛(𝑝)𝒅(𝜏𝑝)− 𝑃

𝜎2 tr
{
�̂�

{𝑞}
𝒛(𝑝)

}
,(15)

which emphasizes the dependence of ℒ𝑝(𝜏𝑝,𝑹𝒛(𝑝)) on
𝜏𝑝 and 𝜀2𝑝. The closed-form expression of its maximum

with respect to 𝜀2𝑝, for a given 𝜏{𝑞}𝑝 , is:

𝜀2𝑝
{𝑞}

= 𝒅
(
𝜏{𝑞}𝑝

)𝐻
�̂�

{𝑞}
𝒛(𝑝)𝒅

(
𝜏{𝑞}𝑝

)− 𝜎2

𝑃 . (16)

Now, plugging (16) in (15) yields the following one-
dimensional maximization problem:

𝜏{𝑞}𝑝 = argmax
𝜏𝑝

{
− ln

(
𝒅(𝜏𝑝)

𝐻�̂�
{𝑞}
𝒛(𝑝)𝒅(𝜏𝑝)

)
+ 𝑃

𝜎2𝒅(𝜏𝑝)
𝐻�̂�

{𝑞}
𝒛(𝑝)𝒅(𝜏𝑝)

}
, (17)

or simply by maximizing 𝒅(𝜏𝑝)
𝐻�̂�

{𝑞}
𝒛(𝑝)𝒅(𝜏𝑝).

IV. THE IS ML TDE

As mentioned earlier, a direct maximization of the
LLF in (10) imposes joint maximization over 𝝉 and 𝑹𝑱 .
Therefore, we first maximize the LLF with respect to the
matrix 𝑹𝑱 , for a fixed vector 𝝉 , thereby leading to:

�̂�ML
𝑱 =

[퓓(𝝉 )𝐻퓓(𝝉 )
]−1퓓(𝝉 )𝐻�̂�𝒵퓓(𝝉 )×[퓓(𝝉 )𝐻퓓(𝝉 )
]−1− 𝜎2 [퓓(𝝉 )𝐻퓓(𝝉 )

]−1
.(18)

Then, using �̂�ML
𝑱 back into (10) yields the CLF:

ℒ𝑐(𝝉 ) =
1
𝜎2 tr

{
Π�̂�퓩

}
−ln

(
det
{
Π�̂�퓩Π+ 𝜎2Π⊥

})
,

(19)

1The matrix 𝜀2𝑝𝒅(𝜏𝑝)𝒅(𝜏𝑝)
𝐻 is of rank one with only one nonzero

eigenvalue, therefore the eigen-decomposition of 𝑹𝒛(𝑝) can be easily
performed.



where Π = 퓓(𝝉 )
[퓓(𝝉 )𝐻퓓(𝝉 )

]−1 퓓(𝝉 )𝐻 . Now, the
ML estimates of the time delays are obtained by max-
imizing the CLF ℒ𝑐(𝝉 ) with respect to 𝝉 . Here, we
introduce a non-iterative implementation of the ML
criterion. We resort to the global maximization theorem
of Pincus [11] in order to find the global maximum of the
underlying multi-dimensional CLF. In fact, according to
[11], the global maximum, 𝝉 ≜ [𝜏1, . . . , 𝜏𝑃 ]

𝑇 , of ℒ𝑐(𝝉 )
with respect to 𝝉 is 𝝉 = 1

𝑅

∑𝑅
𝑟=1 𝝉𝑟, where {𝝉𝑟}𝑅𝑟=1 are

𝑅 realizations of 𝝉 , distributed according to the pseudo-
probability density function (PDF) ℒ′

𝑐,𝜌(.):

ℒ′
𝑐,𝜌(𝝉 ) =

exp {𝜌ℒ𝑐(𝝉 )}∫
𝐽
. . .
∫
𝐽
exp {𝜌ℒ𝑐(𝝉 )} 𝑑𝝉 , (20)

with 𝐽 = [0, 𝑇 ] being the interval in which the delays
are confined. The pseudo-PDF ℒ′

𝑐,𝜌(.) is formulated
using the actual CLF in (19), which is a 𝑃 -dimensional
function; making the generation of the vector 𝝉 very
difficult. Therefore, it is of interest to find an alternative
pseudo-PDF to generate the realizations. To do so, we
resort to the IS concept by generating realizations using
another distribution which is simpler than the actual one.
The IS approach is based on the following observation:

1

𝑅

𝑅∑
𝑟=1

𝝉𝑟 ≈ 1

𝑅

𝑅∑
𝑟=1

𝝉𝑟
ℒ′
𝑐,𝜌(𝝉 )

𝑔′(𝝉 )
(21)

in which the realizations {𝝉𝑟}𝑅𝑟=1 are now generated
according to another pseudo-PDF 𝑔′(.), called impor-
tance function (IF). Yet, we should carefully choose
𝑔′(.). In fact, the approximation in (21) depends on
the similarity between the shapes of ℒ′

𝑐,𝜌(.) and 𝑔′(.).
Ideally, the global maxima of ℒ′

𝑐,𝜌(.) and 𝑔′(.) are the
same. Still, ℒ′

𝑐,𝜌(.) is a complicated function of 𝝉 and
𝑔′(.) must be as simple as possible to easily generate the
required realizations. The IF is selected as [3]:

𝑔′𝜌1
(𝝉 ) =

∏𝑃
𝑝=1 exp {𝜌1𝐼(𝜏𝑝)}(∫

𝐽
exp {𝜌1𝐼(𝜏)} 𝑑𝜏

)𝑃 , (22)

where:

𝐼(𝜏)= 1
𝑁total𝜎2

𝑁total∑
𝑘=1

∣∣∣∣ 𝐿∑
𝑙=1

𝑐𝑙−1 exp

{
−𝑗2𝜋(𝑙 − 1)𝜏

𝐿

}
[퓩]𝑘,𝑙

∣∣∣∣,
(23)

can be evaluated using the FFT of [퓩]𝑘,𝑙. The IF in
(22) is the product of 𝑃 elementary functions, each one
depends on the single delay of a given single path. Here,
we succeeded in finding a normalized IF for which the
different delays are separable and identically distributed
according to the same pseudo-PDF 𝑝(.) given by:

𝑝(𝜏) =
exp {𝜌1𝐼(𝜏)}∫

𝐽
exp {𝜌1𝐼(𝜏)} 𝑑𝜏 . (24)

V. THE CRLB

In this section, we provide a closed-form expression
for the CRLB which will be used as a benchmark against
which we gauge the performance of the TDEs. The
CRLB in the MIMO MC DSSS NDA is given by [3]:

CRLB = 𝜎2

2𝑀𝑁𝑁𝑐𝑀Tx
×[

ℜ
{(

𝑼𝐻Π⊥𝑼
)⊙(𝑹𝑱퓓(𝝉 )𝐻𝑹−1

퓩̇ 퓓(𝝉 )𝑹𝑱

)𝑇}]−1

= 1
𝑁total

CRLB0, (25)

where 𝑹𝑱 and 𝑹퓩̇ are the covariance matrices of 𝑱 and
퓩̇ , respectively, Π⊥ = 𝑰𝐿 −Π, and 𝑼 is defined as:

𝑼 ≜ [𝒖1, . . . , 𝒖𝑃 ] =

[
∂𝒅(𝜏1)

∂𝜏1
, . . . ,

∂𝒅(𝜏𝑃 )

∂𝜏𝑃

]
, (26)

and CRLB0 is the CRLB when 𝑀Tx = 𝑀 = 𝑁 =
𝑁𝑐 = 1. As a consequence, the TDE in MIMO MC-
DS-CDMA systems merges time, space and frequency
dimensions whereby all samples have the same impact
on estimation performance regardless of amount in each
dimension.

VI. EXTENSION TO THE DA CASE

In the NDA case, the columns of the observation
matrix are uncorrelated due to the presence of uncorre-
lated transmitted symbols. While in the DA case, these
columns become correlated due to time, space, and fre-
quency channel correlations. These correlations have to
be properly incorporation in the estimation process and
in the CRLB derivation. In the following, we cope with
these correlations by following a new approach that is
completely different from previous works. The extension
to MIMO with any diversity-multiplexing configuration
can be obtained using the same lines as above.

A. The ML TDEs

The model in (1) can be used to obtain an estimate
𝑯𝑘,𝑛 of 𝑯𝑘,𝑛 = 𝑱𝑘,𝑛𝑫

𝑇 (𝝉 ) [8]. Then, taking into
account the estimation error, 𝑯𝑘,𝑛 is written as:

𝑯𝑇
𝑘,𝑛 = 𝑫(𝝉 )𝑱𝑇

𝑘,𝑛 +𝑬𝑇
𝑘,𝑛, (27)

where 𝑬𝑇
𝑘,𝑛 is the channel estimation error matrix. In

general, the power of 𝑬𝑘,𝑛 is lower than the power
of 𝑵𝑘,𝑛 due to the SNR gain stemming from channel
identification [12]. Note here that the matrix 𝑱𝑘,𝑛 no
longer contains the transmitted symbols 𝑠𝑘,𝑛 thereby
resulting in a DA scenario.
In the NDA case, the columns of the obser-
vation matrix are uncorrelated due to the pres-
ence of uncorrelated transmitted symbols. However,
when the channel-coefficients matrix estimate 𝑯 ≜[
𝑯𝑇

1,1, . . . ,𝑯
𝑇
𝑁𝑐,1
, . . . , 𝑯𝑇

1,𝑁 , . . . ,𝑯
𝑇
𝑁𝑐,𝑁

]
is directly



used in the estimation process, these symbols are no
longer present and we are actually estimating the delays
from the inherently correlated columns of 𝑯 . Therefore,
we slightly modify the signal model to keep the two
algorithms valid. First, we perform the FFT of 𝑯𝑇

𝑘,𝑛 to
obtain:

퓗̂𝑘,𝑛=퓓(𝝉 )𝑱𝑇
𝑘,𝑛 + 퓔𝑘,𝑛

=퓓(𝝉 ) [𝒈𝑘,𝑛(1), . . . , 𝒈𝑘,𝑛(𝑀)]+퓔𝑘,𝑛. (28)

Then, we stack the channel coefficients in the matrix 퓗̂:

퓗̂ = 퓓(𝝉 ) [𝒈(1), 𝒈(2), . . . , 𝒈(𝑀)] + 퓔, (29)

with 퓓(𝝉 ) = 𝑰𝑁 ⊗ 𝑰𝑁𝑐
⊗ 퓓(𝝉 ) where the opera-

tor ⊗ stands for the Kronecker product and 𝒈(𝑚) ≜[
𝒈𝑇
1,1(𝑚), . . . , 𝒈𝑇

𝑁𝑐,1
(𝑚), 𝒈𝑇

1,2(𝑚), . . . , 𝒈𝑇
𝑁𝑐,2

(𝑚), . . . ,

𝒈𝑇
1,𝑁 (𝑚), . . . , 𝒈𝑇

𝑁𝑐,𝑁
(𝑚)

]𝑇
. Here, the two algorithms

can be applied to 퓗̂ in (29) instead2 of �̇� in (7).

B. The CRLB
Denote the autocorrelation of the channel transfer

function as 𝜙(Δ𝑓,Δ𝑡). Here, we consider uncorrelated
scattering where this autocorrelation across subcarriers
depends only on the frequency difference, Δ𝑓 [3]. The
covariance matrix of 𝒈(𝑚) is hence 𝑹𝒈 = Φ⊗𝑹𝑱 where
the elements of Φ are function of 𝜙(Δ𝑓,Δ𝑡). Injecting
𝑹𝒈 and 퓓(𝝉 ) in (25), the CRLB can be written in the
following alternative form:[

CRLB−1(𝝉 )
]
𝑖,𝑗

= 2𝑀
𝜎2 ℜ

{
tr
{
𝑰𝑁⊗𝑰𝑁𝑐⊗

(
퓓𝐻

𝑗 (𝝉 )Π⊥퓓𝑖(𝝉 )
)

(
𝑹𝒈퓓𝐻

(𝝉 )𝑹−1
퓗 퓓(𝝉 )𝑹𝒈

)𝑇
}}

,(30)

where 𝑹퓗 is the covariance of 퓗 and 퓓𝑖(𝝉 ) and
퓓𝑖(𝝉 ) are the derivatives of 퓓(𝝉 ) and 퓓(𝝉 ) with
respect to 𝝉𝑖, respectively. If we denote by 𝑩𝑘 the 𝑘𝑡ℎ

(𝑃 × 𝑃 ) diagonal block of
(
𝑹𝒈퓓𝐻

𝑹−1
퓗 퓓𝑹𝒈

)𝑇
, we

obtain:[
CRLB−1(𝝉 )

]
𝑖,𝑗

= 2𝑀
𝜎2 ℜ

{
𝑁𝑁𝑐∑
𝑘=1

(
𝒖𝐻
𝑗 Π⊥𝒖𝑖

)
[𝑩𝑘]𝑖,𝑗

}
.

(31)
Since 𝑩𝑘 = 𝑩 when the second-order statis-
tics of the 𝑃 paths are the same, we obtain
CRLB(𝝉 ) = 1

𝑀𝑁𝑁𝑐
CRLB1(𝝉 ), where CRLB1(𝝉 ) =

ℜ{(𝑼𝐻Π⊥𝑼)⊙𝑩
}

.

VII. SIMULATION RESULTS

We consider a multipath Rayleigh-fading channel with
𝑓𝐷𝑇 = 0.01 and 3 equal-power paths in a chal-
lenging scenario of closely-spaced delays where 𝝉 =
[0.12 𝑇, 0.15 𝑇, 0.18 𝑇 ]. We gauge the performance of
the two proposed ML estimators against the root-MUSIC

2For the MIMO case we substitute 퓓 by 𝑰𝑀Tx ⊗𝑰𝑁⊗𝑰𝑁𝑐⊗퓓 and
increase 𝒈(𝑚) to include all the channel coefficients from the 𝑀Tx
antennas.
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Fig. 1. MSE vs. the number of symbols 𝑁 with 𝑀 = 1 antenna,
𝑁𝑐 = 1 subcarrier, and SNR = 10 dB for fast- (𝑓𝐷𝑇 = 0.01) and
slowly-varying (𝑓𝐷𝑇 = 10−4) channels in the (a): NDA and (b): DA
cases.

algorithm and the newly derived CRLBs. The initial
values for the EM TDE are selected as random variables,
centered at the true delays with variance (0.05 𝑇 )2. The
processing gain is set to 𝐿 = 64. For the IS-based
technique, we set 𝜌 = 20, 𝜌1 = 10 and 𝑅 = 100.
The number of transmit antennas is 𝑀Tx = 1. The SNR
is defined in the DA and NDA cases with respect to
the powers of the channel estimation error and additive
noise, respectively.
The EM and root-MUSIC algorithms rely on an esti-
mate of the received signal’s covariance matrix from
the columns of the matrix 퓩 . The accuracy of this
estimate depends on the number of temporal, spatial,
and frequency snapshots. Therefore, we assess in Figs. 1
to 3 the performance of all these algorithms where one
of the three dimensions is changed and set the others
to 1. We also fix the SNR to 10 dB. Clearly, root-
MUSIC and EM ML are sensitive to the number of
snapshots and their performance degrades considerably
over short data records due to the poor estimate of the
covariance matrix 𝑹퓩 . On the other hand, the IS-based
algorithm still provides good estimates with relatively
few data snapshots. To assess the impact of channel
time variations or correlation on performance, we now
consider both the NDA and DA cases. We plot in Fig.
1 the MSE versus the number of received symbols
𝑁 . For the fast varying channel, the three estimators
exhibit almost the same performance for 𝑁 > 5. For
small numbers of snapshots, the new ML-based methods
perform better than root-MUSIC and the advantage of
the IS-based estimator becomes even more prominent in
the single-snapshot case, and therefore suitable for real
time applications. In the NDA case, there is almost no-
dependency on the channel time variations or correlation.
In the DA case, when using the channel matrix estimate,
the ML-based methods still perform well, whereas root-
MUSIC saturates at 𝑁 = 8 for slowly time varying
channels.
To investigate the impact of spatial correlation, we assess
in Fig. 2 the estimation performance when the two
adjacent antennas are correlated with correlation factors
equal to 0.3 and 0.9. We plot the MSE versus 𝑀 from
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Fig. 2. MSE vs. the number of antennas 𝑀 with 𝑁 = 1 symbol,
𝑁𝑐 = 1 subcarrier, and SNR = 10 dB.

1 2 3 4 5 6 7 8
Number of subcarriers

10-4

10-3

10-2

10-1

100

101

102

M
SE

(a) NDA

IS-based
EM-ML
Root-MUSIC
CRLB

1 2 3 4 5 6 7 8
Number of subcarriers

10-4

10-3

10-2

10-1

100

101

102

M
SE

(b) DA

IS-based
EM-ML
Root-MUSIC
CRLB

Fig. 3. MSE vs. the number of subcarriers 𝑁𝑐 with 𝑀 = 1 antenna,
and 𝑁 = 1 symbol, and SNR = 10 dB in the (a): NDA and (b): DA
cases.

1 to 8 with 𝑁 = 𝑁𝑐 = 1. When the antennas are
strongly correlated, increasing 𝑀 does not bring much
improvements.
In Fig. 3, we plot the MSE versus the number of subcar-
riers𝑁𝑐 at SNR = 10 dB in both the NDA and DA cases.
We fix 𝑀 = 𝑁 = 1 to isolate the impact of the num-
ber of subcarriers 𝑁𝑐. As 𝑁𝑐 increases, the estimation
performance improves, then saturates at large values of
𝑁𝑐 due to the increase of inter-carrier interference with
𝑁𝑐 stemming from the loss of orthogonality between
subcarriers in a multipath environment [8]. Also, the
similarity between Figs. 1, 2, and 3 corroborates the fact
that the space, time, and frequency dimensions have the
same impact on the estimation performance.

VIII. CONCLUSION

In this paper, we developed two new ML TDEs
and derived the corresponding CRLBs in closed-form
for MC DSSS RITs with MIMO transceivers in both
the NDA and DA cases. The first TDE relies on the
iterative EM with a substantially reduced computational
cost by transforming the multidimensional grid-search
into parallel searches over one-dimensional spaces. The
second ML TDE relies on Pincus’ global maximization
theorem and the IS concept to find the global maximum
of the CLF. The IS TDE splits the CLF into separable
one-dimensional functions of the delays. Only the IS
TDE is able to deliver estimates from very short data
records. In the NDA case, we revealed, both analytically
and by simulations, that the space, time, and frequency

dimensions interchangeably have exactly the same im-
pact on estimation performance. Besides, we properly
coped with such channel correlations that do arise in
practice and, hence, become very challenging both in
estimation and CRLB derivation in the DA case, but that
have been so far overlooked in previous works.
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