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Abstract—In this paper, we tackle the problem of joint time and
frequency synchronization for decode-and-forward (DF) systems. We
devise a new maximum likelihood (ML) algorithm for the joint estimation of these synchronization parameters based on the importance
sampling (IS) technique. Unlike the traditional iterative estimation
techniques, the proposed IS-based ML approach enjoys guaranteed global optimality. Moreover, it transforms the original multidimensional optimization problem into multiple two-dimensional
ones, thereby entailing low computational burden. Simulation results
show the advantage of the IS-based ML estimator over state-of-theart estimation techniques.

I. I NTRODUCTION
Cooperative communication is an effective solution to generate
spatial diversity using relaying nodes. In fact, the main idea is to
retransmit multiple copies of the same signal by different relays.
In the course of building a robust cooperative communication
protocol, several issues must be addressed such as cooperation
assignment and transmit requirements on the nodes. To address
these issues and establish an organized communication between
the different nodes, clock synchronization is required for different
critical reasons. In fact, it is crucial to perform data fusion in all
distributed networks where the goal is to process and integrate the
data in the best possible way. Besides, clock synchronization is
needed in distributed signal processing applications that take “time
information” into account. Finally, scheduling protocols such as
time division multiple access (TDMA) cannot be performed if the
different nodes do not speak the same time language.
One of the main issues related to clock synchronization in cooperative communications is time and frequency synchronization of
various cooperating nodes. This is essential if the relays need to
perform distributed beamforming at the transmitter (DBT). The
latter stands at the forefront of scientiﬁc research on cooperative communication as it increases communication range, energy
efﬁciency, and achievable data rates. Indeed, the ultimate goal
of DBT is to ensure that multiple copies of a signal originating
from different relay nodes i) arrive simultaneously and ii) combine constructively at the destination. Many existing works have
focused on objective i) by estimating and then pre-compensating
the multiple timing offsets (MTOs) while assuming perfect carrier
synchronization [1-4]. Many other works focused on objective
ii) by estimating the multiple frequency offsets (MFOs) while
assuming perfect time synchronization [5-9]. It was only recently,
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though, that the joint estimation of the MTOs and CFOs was
investigated. In this context, [10] proposed joint ML estimation
techniques for the MTOs, MFOs, and channel gains. By exploiting
the cyclic preﬁx of orthogonal frequency-division multiple-access
(OFDMA) systems, [11-14] also tackled the problem of joint
channel estimation and time-frequency synchronization. However,
depending on the number of subcarriers used, the frequency
acquisition range of the proposed algorithms is very limited. More
recently, the problem of estimating jointly the MTOs, MFOs, and
channel gains was addressed in [15] for the DF relaying scheme.
However, the ML solution proposed there is iterative in nature and,
as such, does not guarantee convergence to the global maximum
of the likelihood function.
In this paper, we propose a new non-iterative ML technique that
always achieves the global maximum of the CLF. We also avoid
the high computation complexity of the brute grid search approach
by resorting to the IS technique. By doing so, we show that the
multi-dimensional maximization problem can be transformed into
multiple 2-D optimization ones.
The rest of this paper is organized as follows. In Section II, we
introduce the system model. The maximization of the compressed
likelihood function (CLF) is presented in Section III. We also
provide the required details about the maximization of the CLF
in Section IV. In Section V, we assess by computer simulations
the performance of the new algorithm. Finally, we draw out some
concluding remarks in section VI.
We adopt the following common notations. Bold-font small letters
and bold-font capital letters denote vectors and matrices, respectively. The conjugate and Hermitian are represented by {.}T and
{.}H , respectively. The Euclidean norm of any vector is denoted
as ||.|| and IN denotes the (N × N ) identity matrix. We denote by
det{.} the determinant of any square matrix. The superscript {.}∗
and |.| return the conjugate and modulus of any complex number,
respectively. Finally, E{.} stands for the statistical expectation,
j is the pure complex number that veriﬁes j 2 = −1, and the
notation  is used for deﬁnitions.
II. S YSTEM M ODEL
Consider a DF relaying network with one source node, S, a
single destination node, D, and K relays, R1 , R2 , . . . RK . We
assume that the links between the source and the relays and
those between the relays and the destination are characterized
by quasi-static and frequency ﬂat-fading channels. We refer to
the channel gain between the source and k th relay by γ̄k .
Similarly, η̄k denotes the channel gain between the k th relay and
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the destination node. Each channel is modelled by a zero-mean
complex Gaussian random variable, i.e., γ̄k  CN (0, σγ2 ) and
η̄k  CN (0, ση2 ). The source begins by broadcasting a training
sequence, t[s]  [t[s] (0), t[s] (1), . . . , t[s] (L − 1)]T of L symbols
to the K relays. The continuous-time received signal at the k th
relay is then given by:
rk (t) = γ̄k

L−1




[sr]
[sr]
t[s] (n)g t − nT − τk
ej2πν̄k t + uk (t), (1)

n=0

where uk (t) is the white additive noise at the k th node, g(t)
denotes the square-root raised-cosine function (SRRC) and T
refers to the symbol duration. The timing and carrier frequency
offsets between the source and the k th relay are denoted by
[sr]
[sr]
τk and ν̄k , respectively. Once the signal received, each relay
can decode the upcoming data using conventional SISO synchronization techniques such as in [16]. In the next step, all
the relays start by transmitting their own training sequences,
[r]
[r]
[r]
[r]
tk  [tk (0), tk (1), . . . , tk (L − 1)]T before forwarding the
useful data to the destination node. The signal at the destination
is up-sampled with a factor Q = T /Ts , leading to the following
received samples for i = 0, 1, . . . , QL − 1:
x(i) =

K


[rd]

η̄k ej2πν̄k

k=1

/Q

L




[r]
[rd]
tk (n)g iTs − nT − τ̄k +n(i),(2)

n=0

in which Ts is the sampling period and n(i) ∼ CN (0, σ 2 ) is
the white additive noise at the destination. The synchronization
[rd]
[rd]
parameters τk
and ν̄k refer to the timing and carrier frequency offsets between the k th relay and the destination node,
respectively. The vector form of (2) can be written as follows:
 

 
 
 

[rd]
[rd] [r]
[rd]
[rd] [r]
x = Λ ν̄1 G τ̄1 t1 , . . . ,Λ ν̄K G τ̄K tK η̄ + n, (3)
T

with x  [x(0), x(1), . . . , x(QL − 1)]T and η̄  [η̄1 , . . . , η̄K ] .
The noise components, {n(i)}QL−1
i=0 , are gathered in n 
[n(0), n(1), . . . , n(QL − 1)]T . The two matrices, i.e., G(τ) and
Λ(ν), involved in (3) are expressed as follows:
⎛
⎞
g(0 − T − τ )
...
g(0 − LT − τ )
⎜ g(Ts − T − τ )
...
g(Ts − LT − τ ) ⎟
⎜
⎟
G(τ )  ⎜
⎟, (4)
..
..
..
⎝
⎠
.
.
.
g (QL−1 Ts −T −τ) . . . g (QL −1)Ts −LT −τ
Λ(ν) 



j2πν
j2πν(QL−1)/Q
,...,e
.
diag 1, e

(5)

For the sake of clarity, we adopt the following notations:
Ψ(ν, τ )  Λ(ν)G(τ ),


[r]
[r]
[r]
D(ν, τ )  Ψ(ν1 , τ1 )t1 Ψ(ν2 , τ2 )t2 . . . Ψ(νK , τK )tK .
We deﬁne also the following parameter vectors: ν̄ 
[ν̄1 , ν̄2 , · · · , ν̄K ]T and τ̄  [τ̄1 , τ̄2 , · · · , τ̄K ]T . From now on, we
use ν̄ (resp. τ̄ ) to refer to ν̄ [rd] resp. τ̄ [rd] . With these common
notations, it is clear from (3) that the model for the DF scheme
is given by:

x = D(ν̄, τ̄ )η̄ + n.

(6)

III. J OINT CFO S AND MTO S E STIMATION
In this section, we derive a new technique that builds upon the
powerful theorem of Pincus [17] to fetch the global maximum
of the likelihood function. Based on our system model, the CLF
which depends only on ν̄ and τ̄ is given by [15]:
Lc ν, τ

=

xH D(DH D)−1 DH x,

(7)

and the joint ML estimates of ν and τ are hence obtained as the
solution to the following optimization problem:
 MLE , τ̄ MLE ] = argmax Lc ν, τ .
[ν̄
ν,τ

(8)

It is clear that ﬁnding the global maximum of the CLF in (8) by a
grid search is computationally intractable since the maximization
is performed over 2K unknown parameters. Iterative solutions
as in [15] can be envisaged here without guarantees, however,
for global convergence. To sidestep this problem, we opt here
for a global optimization technique that relies on the Pincus
theorem introduced in [17]. The latter provides a closed-form
solution to any 2K-dimensional optimization problem pending
some mild assumptions on the underlying objective function.
In fact, for any function f (θ) that has a global maximum,
where θ = [θ1 , . . . , θ2K ], Pincus’ theorem states that the global
maximum of f (.) is obtained as:
 
· · · θk eρ0 f (θ) dθ
θk =  
, for k = 1, . . . , 2K,
(9)
· · · eρ0 f (θ) dθ
for some sufﬁciently high value ρ0 . In our case, the result in (9)
can be applied to ﬁnd the global maximum of f (θ)  Lc (ν, τ )
by setting θ equal to [ν, τ ]. Therefore, we obtain the following
estimates:



τ̄ k, MLE = · · · τk L̄c ν, τ dνdτ , k = 1, 2, · · · , K (10)



ν̄ k, MLE = · · · νk L̄c ν, τ dνdτ , k = 1, 2, · · · , K (11)
where L̄c (ν, τ ) is the normalized CLF deﬁned as:
L̄c (ν, τ )  


···

eρ0 Lc (ν,τ )
eρ0 Lc (ν,τ ) dνdτ

.

(12)

The design parameter ρ0 involved in (12) has a crucial role
in the estimation process. In fact, if ρ0 tends to inﬁnity, the
normalized CLF becomes a Dirac-delta function located around
the global maximum. In addition, the normalized CLF in (12) is a
nonnegative function and integrates to one. As a consequence, it
has the main properties of a pdf. As such, the estimates in (10) and
(11) can be seen as statistical expectations expressed as follows:

τ̄ k, MLE = Eν,τ {τk } and 
ν̄ k, MLE = Eν,τ {αk } ,

(13)

with τ and ν being distributed according to L̄c (ν, τ ). To ﬁnd
the expectations in (13), however, one needs to generate R
(r) R
realizations, {τ (r) }R
}r=1 , with respect to L̄c (τ , ν).
r=1 and {ν
These realizations are used to obtain the following sample means
estimates:

τ̄ k, MLE =

R
R
1  (r)
1  (r)
τk and 
ν̄ k, MLE =
ν .
R r=1
R r=1 k

(14)

It is worth noting that the approximated estimates in (14) become
closer to the global maximum of the CLF as the number of
generated realizations increases. In the next section, we propose
a simple approach based on the IS concept in order to generate
the required realizations with reduced complexity.

m=1

l =1

The main technical issue encountered in the previous section
is related to the process of generating the required realizations.
Indeed, the normalized CLF L̄c (ν, τ ) is extremely non-linear. Yet,
this problem can be easily circumvented owing to the IS concept
where, instead of using the true pseudo-pdf L̄c (ν, τ ), one relies
on another pseudo-function to generate the required realizations.
It follows that the estimates in (10) and (11) can be rewritten as
follows at the k th relay:
 
L̄c (ν, τ )

· · · τk
Ḡ(ν, τ )dνdτ ,
(15)
τ̄ k,MLE =
Ḡ(ν, τ )
 
L̄c (ν, τ )

ν̄ k,MLE =
Ḡ(ν, τ )dνdτ ,
(16)
· · · νk
Ḡ(ν, τ )
with Ḡ(ν, τ ) being the importance function that needs to be
designed as close as possible to the original pseudo-pdf while
allowing at the same time the easy generation of the required
realizations. The ML estimates (MLEs) could then be interpreted
as expected values of the new transformed realizations as follows:





ν̄ k, MLE = Eν,τ ζ(ν, τ )νk , (17)
τ̄ k, MLE = Eν,τ ζ(τ , ν)τk and 
in which ζ(ν, τ ) is deﬁned as the following ratio:
L̄c (ν, τ )
.
Ḡ(ν, τ )

(18)

By using the new pseudo-pdf Ḡ(ν, τ ), the expectations in (17)
can be approximated as follows:

τ̄ k, MLE

=

R
1 
(r)
ζ ν (r) , τ (r) τk ,
R r=1


ν̄ k, MLE

=

R
1 
(r)
ζ ν (r) , τ (r) νk .
R r=1

(19)
(20)

The latter expression can be rewritten as:
H

[D D]

L


dk [m]∗ dk [m],

th

element of the column vector
with dk [m] being the m
dk = Λ (νk ) G (τk ) tk . Replacing Λ (νk ) and G (τk ) from (5)
and (4) with their actual expressions leads to:

ej2πνk (m−1)

L

l=1

=

ατk ,τk [m] ej2π(νk −νk )[m−1] ,

g [m − 1]Ts − [l − 1]T − τk tk [l].(22)

(23)

with the coefﬁcient ατk ,τk [m] being deﬁned as:
ατk ,τk [m] =

L 
L




tk [l]∗ tk [l ]g ∗ [m−1]Ts − [l−1]T − τk

l=1 l =1



× g [m−1]Ts − [l −1]T − τk . (24)

The diagonal elements of DH D, i.e., [DH D]k,k , are simply
obtained as:
QL

[DH D]k,k =
ατk ,τk [m],
for k = 1, 2, . . . , K, (25)
m=1

thereby leading to:
[DH D]k,k

=

QL


H
tH
k gm (τk ) gm (τk )tk .

(26)

m=1

Here gm (τk ) is the mth row of the matrix G(τ ). Moreover, it is
worth noting that gm (τk )H gm (τk ) is the same for all the possible
values of τk , i.e., gm (τk )H gm (τk ) = gm (0)H gm (0), thereby
yielding:
[DH D]k,k

=
=

QL


H
tH
k gm (0) gm (0)tk ,

m=1
H
tH
k G(0) G(0)tk

= ||G(0)tk ||2 .

(27)

We further assume, without loss of generality, that the K relays have the same transmission power, i.e., ||G(0)tk ||2 = Es .
Subsequently, the K diagonal elements have the same following
expression:
for k = 1, 2, . . . , K.

(28)

Now, coming back to (23), one can notice the destructive su1
and the
perposition (for k = k ) of the complex exponentials

delayed RRC functions g(t − τk ) and g(t − τk ) . Consequently,
the off-diagonal elements of DH D are expected to be negligible
compared to the diagonal entries of the same matrix. It follows that
DH D can be accurately approximated by the following diagonal
matrix :
DH D ≈ Es IK .

(21)

m=1

dk [m] =

QL


[DH D]k,k = Es ,

By closely inspecting the CLF, Lc ν, τ , one can notice that it
is the matrix inverse, (DH D)−1 , that makes variable generation
extremely tedious using the original normalized CLF. Fortunately,
we will show in the sequel that a diagonal matrix is a valid
approximation for (DH D). First, the (k, k  )th entry of (DH D)
is given by:
=

k,k

m=1

B. Choice of the Importance Function Ḡ(ν, τ )

[DH D]k,k

l=1


L



j2πνk [m−1]
g [m−1]Ts − [l −1]T − τk tk [l ] .
× e

A. Importance Sampling Concept



[DH D]k,k


QL
L




−j2πνk [m−1]
∗
∗
e
g [m−1]Ts − [l−1]T − τk tk [l]
=


IV. IS-BASED ML E STIMATOR

ζ(ν, τ )

Now, by injecting (22) back into (21), it follows that:

(29)

This approximation can be validated empirically. Indeed, we ﬁrst
deﬁne the ratio between the off-diagonal and diagonal entries of
DH D as follows:
QL
j2π(νk −νk )[m−1]
m=1 ατk ,τk [m] e
βl,k 
.
(30)
||G(0)tk ||2
1 This

is reminiscent of multipath fading in wireless channels.

Then, we plot the complementary cumulative
distribution
function


(CCDF) of |βl,k |, i.e., Fc (x) = P r |βl,k | ≥ x , by generating a
large number of couples (τl , τk ) and (νl , νk ). Those realizations
are uniformly distributed in [0, τmax ]2 and [0, νmax ]2 , respectively.

where ρ1 is another design parameter to be chosen properly.
Owing to the new approximation, which allows the separation of
the contribution of each delay-CFO pair, it can be easily shown
that the pseudo-pdf in (35) factorizes as follows:
Ḡ(ν, τ ) =

1

K


(k)

ḡν̄,τ̄ (νk , τk ),

(36)

k=1

0.9

where
0.8

(k)

0.7

ḡν̄,τ̄ (ν, τ )

=

eρ1 Ik (ν,τ )



ρ1 Ik (ν  ,τ  )

e

F c (x)

0.6
0.5

dν dτ



.

(37)

It is worth mentioning here that the designed importance function,
Ḡ(ν, τ ), renders the generation process a lot easier. Indeed,
instead of generating ν (r) and τ (r) using the original multidimensional distribution, one can easily generate, independently, K
(r) (r)
couples of realizations (νk , τk ) with the bivariate distributions
(k)
{ḡν̄,τ̄ (ν, τ )}K
k=1 , then construct the desired vector realizations as:

0.4
0.3
0.2
0.1
0



0

0.1

0.2

0.3

0.4

0.5

x

0.6

0.7

0.8

0.9

1

which can be rewritten as follows:
(32)

k=1

By injecting the exact expression of dk [m] into (32), the approximate CLF develops into:
G(ν, τ ) =

K
1 
Ik (νk , τk ),
Es

(r)

=

 (r) (r)
(r) T
ν1 , ν2 , · · · , νK ,
 (r) (r)
(r) T
τ1 , τ2 , · · · , τK
.

(38)
(39)

C. Estimations of the TDs and CFOs:

The result shown in Fig. 1 corroborates the approximation in (29).
Indeed, the off-diagonal elements of DH D can be reasonably
neglected as |βl,k | has almost-zero probability to exceed 0.15 for
all l = k. Now, by using this approximation in (7), we obtain the
following approximate CLF:
2

G ν, τ
= E1s xH DDH x = E1s DH x ,
(31)

k=1

=

τ

Fig. 1: CCDF of the magnitude of the ratio between the off-diagonal and
diagonal entries of the matrix DH D.

 QL
2
K
K

1   H 2 1    ∗

dk x =
G ν, τ =
dk [m]x[m] .



Es
Es
m=1

ν (r)

(33)

k=1

with Ik (ν, τ ) being the periodogram of the signal received from
the k th relay:

 QL
L



Ik (ν, τ ) = 
tk [l]
x∗ [m]ej2πν(m−1)

m=1
l=1
2


× g [m − 1]Ts − [l − 1]T − τ  . (34)

The approximate CLF is the superposition of the individual relays’
contributions. The corresponding pseudo-pdf is given by:

 
K
exp ρ1 k=1 Ik (νk , τk )
, (35)
Ḡ(ν, τ ) =  

 
K
· · · exp ρ1 k=1 Ik (νk , τk ) dν  dτ 

Once the required realizations are generated, the ML estimates
can be obtained by using the linear sample mean, already presented in (19) and (20). An alternative way, allowing to alleviate
the estimator bias (that may occur at very low SNR thresholds),
is the use of the circular mean as follows:

R
  (r)
 

 
1
1
τk
(r)
(r)
1

τ̄q = τmax
exp j2π τmax − 2
∠
ζ ν ,τ
+ , (40)
2π r=1
2

R
 




 
(r)
1
1
ν

+ ,(41)
ν̄q = νmax
∠
ζ ν (r) , τ (r) exp j2π νkmax − 12
2π r=1
2
where
∠{.} returns the argument of any complex number and

(r)
ζ ν , τ (r) is the weighting coefﬁcient deﬁned in (18). By
recalling the expression of theapproximate
 pseudo-CLF, Ḡ(ν, τ ),
(r)
(r)
, can be explicitly exthe weighting coefﬁcient, ζ ν , τ
pressed as follows:
!
 
K

· · · exp ρ1
Ik (νk , τk ) dνdτ
ζ ν (r) , τ (r) =



k=1

· · · exp {ρ0 Lc (ν, τ )} dνdτ



× exp ρ0 Lc ν

(r)

,τ



(r)

− ρ1

K




(r) (r)
Ik νk , τk



!
.(42)

k=1

We provide two hints to reduce the computational complexity
related to the evaluation of this coefﬁcient. First, being real and
positive, the integrals ratio in (42) can be dropped since only the
argument of the complex quantities is needed in (40) and (41) to
estimate the delay and CFOs. Second, a computational overﬂow
may occur while evaluating the weighting coefﬁcient, especially
with a large value of ρ0 [which is indeed required to satisfy the

constraint in (12)]. Consequently, we use the following normalized
weighting coefﬁcient without any changes in the ﬁnal results:
K



(r) (r)
ζ ν (r) , τ (r) = exp ρ0 Lc ν (r) , τ (r) − ρ1
Ik νk , τk
k=1



K



(r) (r)
(r)
(r)
−ρ1
Ik νk , τk
− max ρ0 Lc ν , τ
1≤r≤R

!
.(43)

k=1

VI. C ONCLUSION
In this paper, we proposed a new joint multiple time and
carrier frequency offsets ML estimator that leverages the powerful
importance sampling concept. The new estimator always achieves
the global maximum of the likelihood function. Simulation results
illustrate unambiguously the clear superiority of the new IS-based
ML estimator over iterative state-of the-art techniques without
resorting, however, to a non-iterative grid search.

V. S IMULATION R ESULTS
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Fig. 2: MSE for MTOs and CFOs joint estimation with L = 32 symbols,
Q = 2, α = 0.3, K = 2, and 16-QAM.

Fig. 2 depicts the MSE of the proposed joint ML estimator
and the two iterative algorithms (i.e., expectation-maximization
and space-alternating generalized expectation-maximization) presented in [15]. We also plot the Cramer-Rao lower bound (CRLB)
as an overall benchmark for the best performance achievable in
theory. The new IS-based approach is able to estimate all the
synchronization parameters with very high accuracy. Moreover,
it achieves the CRLB over a wide range of practical SNRs
thereby validating its statistical efﬁciency in practice. Moreover,
it outperforms the two iterative algorithms of [15] for medium
to high SNR levels. Indeed, contrarily to the proposed IS-based
solution, the ML algorithms of [15] suffer from lack of global
convergence as they are iterative in nature.

