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Abstract—We derive for the first time closed-form expressions for
the Cramér-Rao lower bounds (CRLBs) of the joint channel phase,
and carrier frequency offset (CFO) estimates from turbo-coded (TC)
Pulse-amplitude modulation (PAM) and rectangular-QAM (RQAM)
modulated signals over flat-fading channels. After wisely exploiting
the properties of Gray mapping, we are able to simplify the log-
likelihood function (LLF) to enable the CRLBs derivation in closed
form. We show that the phase and the CFO can be decoupled if the set
of sampling indices is centered on zero. These new bounds generalize
those previously derived in closed form in the special case of TC
square-QAM constellations or established empirically in the case of
phase and CFO code-aided (CA) estimation, respectively. Numerical
results suggest that the new CRLBs range between their respective
CRLBs in the non-data-aided (NDA) and data-aided (DA) scenarios,
thereby showcasing the expected advantage of CA estimation against
both NDA and DA in terms of accuracy improvement or overhead
reduction, respectively. They also illustrate the potential increase in
estimation accuracy achievable by decreasing, as expected, the coding
rate.

Index terms— Channel phase, Carrier frequency offset (CFO),
Cramér-Rao lower bound (CRLB), Joint parameter estimation, de-
coupling, Turbo codes, Turbo processing, Gray labeling, extrinsic
information, Code-assisted (CA), PAM, Rectangular QAM.

I. INTRODUCTION

Advanced wireless communication systems are intended to sat-
isfy the ever increasing demand in high data rates while securing a
good quality of service (QoS). One way to meet these requirements
is to employ error correcting codes. In this regard, turbo codes
have stirred a lot of interest in the last two decades [1] for their
ability to achieve data rates near the Shannon limit for the wireless
channel capacity, with a reasonable decoding complexity, thanks
to the turbo principle. Another way to increase the throughput of
the system is the use of high-order modulations, a key feature of
current and future communication standards such as LTE, LTE-A
and LTE-B [2]. In this context, high-order PAM and general QAM
constellations are of extreme relevance.

Besides, synchronization is an important task the receiver has
to accomplish in order to enable the best performance possible of
the data transmission. Particularly, the channel phase is significant
because it has a substantial effect on the performance of the
system, especially if we use turbo codes. In fact, the latter are
known to be highly sensitive to synchronization errors. That
is, even a small shift in the channel phase can lead to severe
performance degradations. The second fundamental parameter is
the CFO, which has a tremendous impact as well on turbo codes,
and thus on the bit error rate (BER) of the system, affecting thereby
the networks’ QoS.

These two parameters are generally unavailable at either side of
the communication channel. That is why an estimation process is
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needed to acquire (approximately) these parameters [3]. Depend-
ing on the receivers’ knowledge of the transmitted symbols, there
are mainly two categories of estimators. The first class is that of
NDA estimators which do not assume any a priori knowledge of
the data and, hence, consider the received symbols independent
and equally likely. The major asset of this approach is that it
ensures high throughput since it requires no additional overhead
and operates solely on the desired data sequence to be transmitted.
However, it exhibits poor performance in the low-to-average SNR
regime!. The second class of DA estimators exploits the fact that
the pilot symbol sequence to deal with is known both to transmitter
and the receiver. Although this method enhances the estimation
accuracy since the symbols are known, it has the inconvenience
of reducing the throughput of the system.

To circumvent the drawbacks on both ends, and in light of the
use of powerful error correcting codes like turbo codes, a CA
approach has emerged as a solution that combines both benefits of
NDA and DA by offering a better estimation performance quality
(compared to NDA), yet without the least overhead penalty on
the overall throughput (compared to DA). This technique takes
advantage of the decoding process and exploits the information it
provides about symbols’ probabilities to construct more accurate
estimates of the desired parameters. Furthermore, using the turbo
principle, CA estimators can be designed in an iterative fashion
leading to far better performance. This process is called furbo
processing. For instance, using the a posteriori probabilities and
the extrinsic information, the carrier the CFO are estimated jointly
with turbo decoding in [4].

Consequently, these estimators are reversely influenced by the
performance of the decoding process: at one decoding iteration,
an erroneous decoding of the received sequence will lead to a
less accurate estimate. This interdependence between estimation
and decoding in the CA scenarios renders the problem of finding
the ultimate performance limit of such schemes more challenging.
One such limit that addresses the best achievable estimation
performance is the well-known fundamental CRLB [5] that sets
the minimum achievable variance for any unbiased estimator.
The derivation of closed-form expressions for the CRLBs in
typical wireless communications scenarios is a difficult task, and
sometimes an impossible one, because of the complex structure
of the likelihood function, particularly for high-order modulations.
This is why these bounds are usually evaluated empirically in most
cases.

It was only recently, though, that the closed-form expressions
for the stochastic CRLBs for the carrier phase and CFO NDA
estimation have been established for BPSK/QPSK transmissions
in [6], for general square-QAM-modulated signals in [7], and for
general PAM and RQAM signals in [8], but still in the traditional
NDA scenario. In coded transmissions, however, the likelihood

TAt high SNR, the estimator acts like DA, as if it knew the symbols.
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function (LF) becomes even more complicated and developing
CRLB bounds in closed form becomes obviously much more
challenging. Thus, exhaustive Monte-Carlo simulations have been
recently used by Noels et al. in [9, 10] to evaluate empirically the
CRLBs for CA estimates of the carrier phase and CFO parameters
from turbo-coded linearly-modulated signals. Only recently, the
CRLBs for these parameters estimates from turbo-coded square-
QAM constellations were ultimately established in closed form
[12].

Incited by all of the above-mentioned facts, we derive for
the very first time analytical expressions for the CRLBs of the
channel phase, and CFO estimates from turbo-coded general PAM
and RQAM signals. These new bounds include the NDA case
(when the bits’ log-likelihood ratios (LLRs) are zero, i.e., the
constellation symbols are equally likely) and the DA case (when
the bits’ LLRs are very large). They also corroborate previous
works that derived them empirically [9, 10]. These bounds also
show the advantage of CA over NDA and DA in terms of
performance accuracy and signalling overhead, respectively, and
the potential estimation gains achievable by decreasing the coding
rate.

The remainder of this paper is organized as follows: In section
II, we introduce the system model. In section III, we develop
new expressions for the binary reflected Gray coded (BRGC)
symbols’ a priori probabilities (APPs) in the cases of general PAM
and RQAM constellations in terms of their conveyed bits’ log-
likelihood ratios (LLRs). In section IV, we derive the LLFs of both
modulation types. In section V, we ultimately derive novel closed-
form expressions for the considered CRLBs and constellations. In
section VI, we assess these new bounds by simulations. Finally,
we draw out some concluding remarks in section VII.

II. SYSTEM MODEL

Consider a wireless communication system where a binary
sequence is grouped into blocks of equal length N, bits per block.
These data bits pass through a turbo encoder which consists of two
identical recursive and systematic convolutional codes (RSCs) with
different generator polynomials [g1, ¢2], concatenated in parallel
via an interleaver of size IN,. The overall coding rate R, is fixed
by the puncturer®. Each block of N, coded bits is fed to an outer
interleaver, and then labelled onto a Gray-coded constellation.
The obtained symbols sequence travels over the wireless flat-
fading channel. At the receiver side, the following processes are
performed, consecutively:

1) Down-convert the received noisy signal to baseband by
applying a rotation at a constant angular speed of 27 F
rad/s where F' is the carrier frequency. Due to the Doppler
effect, the frequency mismatch between the oscillators of the
transmitter and the receiver, and synchronization errors, this
process results in a residual CFO. We assume the latter,
denoted as v, to be very small compared to the signal
bandwidth.

2) Feed the obtained baseband signal to the matched filter of
the transmit pulse p(t). This pulse is supposed to verify the
first Nyquist criterion.

3) Sample the signal at instants n7'.

Throughout this paper, we assume perfect timing synchroniza-

tion. In the presence of phase and CFO distortions, the observed
samples are modeled as follows:

yp = S xped P Ly k= ko, ko1, - ko+K—1, (1)

2This rate can be adjusted by changing the turbo code’s puncturing matrix.

where, at the sampling index k (ko refering to the instant of
the first sample), x;, is the k" coded symbol transmitted over
the wireless channel and vy, is its corresponding received sample.
The channel is assumed to be slowly time-varying over the entire
observation window of length K, and therefore has constant but
unknown gain, S, and phase offset ¢. The parameter v stands for
the normalized CFO, as mentioned before. The coded sequence xj,
is drawn from any M-ary PAM or M;xM>-RQAM Gray-labeled
constellation. Without loss of generality, we further assume the
total energy of the transmitted sequence xj to be unitary, i.e.,
E{|z¢|’} = 1. The additional term wj, stems from the noise
components modeled by a sequence of zero-mean complex circular
Gaussian random variables with independent real and imaginary
parts, each of variance o? (i.e., total noise power is Ny = 202).
The true SNR, p, is defined as:
B{S?as?} _ S? ,
p= 202 o 2027 @
We wish to estimate the unknown phase and frequency offsets ¢
and v, respectively. For this purpose, these parameters are stacked
into a single parameter vector 8 = [¢ v]|. For mathematical
convenience, we gather as well all the recorded data samples in a
single vector:

Y = [Yho» Ykot 1, s Ykot K—1] - (3)

Now suppose that we are able to produce an unbiased estimate, 5,
of the parameter vector 9, from the received vector y. Then, the
CRLB is a practical lower bound [5] that verifies® the inequality

E {[3 — 4]0 — 5)]T} > CRLB(J) and is given by:

CRLB(8) = I*(9), 4)

where I(d) is the Fisher information matrix (FIM) whose entries
are expressed by:
0?L(y; 9)

[1(5)]1,l = _E{ 95,06,

In (5), {0;},_1 554 are the elements of the unknown parameter

vector & and L(y; 8) £ In (ply; 8]) is the LLF (p[y; 8] is the pdf
of y parameterized by 6). As seen from (5), the first challenging
step in deriving the targeted bounds is to find an explicit expression
for the LLF or equivalently the pdf p[y; a]. To that end, the APPs,
Plzy, = ¢, of the transmitted symbols involved in (1) must be
found. In the next section, we will express them in terms of the
LLRs of the conveyed bits.

} il =1,2,3,4. (5)

III. DERIVATION OF THE SYMBOLS’ APPS

Throughout this paper, we assume that the constellation is
Gray labeled. Each point of the alphabet, {c,, }2_,, is mapped
onto a unique sequence of log,(A/) bits denoted here as
by*by - - b - b{ggz( M) For the sake of clarity, this mapping will
be denoted as follows:

Con 3 DB BB . ©6)

The same notation is used to refer to the k' bit sequence,
bybk bk b{“ogz(M), that is conveyed during the transmission of
the k" symbol xy, i.e., 7 +— bYOE - bF - - bf“ogQ(M). Due to the
large-size interleaver, it is reasonable to assume that the coded bits
are statistically independent. This is a standard assumption in CA

3For square matrices A and B, A = B means A — B is positive semi-definite.



estimation practices (see [9-11 and references therein). Therefore,
the a priori probability of each transmitted symbol, zy, factorizes
into the elementary probabilities of its conveyed bits:

log, (M)

() bf=b"| =
=1

We also define the LLR of the [*"* coded bit, bf, conveyed by the
transmission of the symbol, x, as follows:

k __
Li(k) 2 In (%) . ®)

Using (8) and the fact that P[bf = 0] + P[b} = 1] = 1, it can be
easily shown that:

log, (M)

Play =c¢pn] =P H P[bF =] (7)

eLi(k) i 1
Trenm 4 P=0=1rm O
For every ¢,, in C, if x = ¢,,, then the two identities in (9) can be

merged together to yield a generic expression for the elementary
probabilities involved in (7) as follows:

P =1] =

(bm 1) Ly( k)

Py =b"]= : (10)

2 cosh (#)
in which BZ" is either 0 or 1 depending on which of the symbols
¢y 1s transmitted, at time instant k, and of course on the Gray
mapping that is associated to the constellation in (6). Therefore,
injecting (10) in (7) and recalling that log,(M) = p for PAM
constellations, the symbols’ APPs develop into:

Play, = ¢pm]= (ﬁ ) He

=1

(1)

Bk

Next, we describe a simple recursive procedure that permits the
construction of arbitrary Gray-coded PAM and RQAM constella-
tions.

A. PAM constellations:

A general PAM constellation, when M = 2P for any p > 1, is
defined by:

C = {£(2i — 1)d,},

where 2d,, is the intersymbol distance. Since the PAM constellation
energy is supposed to be normalized to one, from which the
expression of d), is obtained as follows:

\/22‘7 L(2m —1)2

We now provide an outline of how to construct the Gray labeling
of PAM constellations. In fact, starting from any given 2P~'-PAM
Gray-labeled constellation, it is possible to build another 27-PAM
Gray-labeled constellation as follows:

e Step I: Build the right half-space of the considered 27-PAM
constellation from all the points of the considered 2P~!-PAM
constellation.

o Step 2: Build the left half-space of the new 2P-PAM constel-
lation by symmetry with respect to the y-axis. Now recall that
the points of the original 2°~*-PAM constellation represent
just p — 1 bits. Therefore, each point of the new 2P-PAM

i=1,2,.. 2P (12)

13)

constellation that must represent p bits is still missing one
bit.

o Step 3: Add the missing bit that appears in each half-space
of a basic BPSK constellation to all the points that appear in
the same half-space of the new constellation.

It is easy to verify that this recursive procedure leads to a Gray-
labelled constellation.

Another important property that can be drawn from this construc-
tion due to the symmetry in “Step 2” is that each two symbols
Crm and —¢,, share the same p — 1 most significant bits (MSBs),
bbb bm 2bp 1, for any given symbol ¢, from the right half-
space of the 21’ PAM constellation. Thus, if we consider these p—1
MSBs and define:

p—1
Hk(cm)éne(zb 71)Ll(k)’ Ve, €C. (14)
=1
it follows that:
(11 (Gm) = pk(—Cm),  Vém €C. (15)
Then, we have:
~ ~ j:Lp(k)
Plzy=+¢p] = B pr(m) e 2 (16)

B. RQAM constellations:
A RQAM constellation can be defined, when M = 2P+TP2 for
any p1,pa>landi=1,2,..,2P hin=43=1,2,...,2P2~1 as:
C= {:l:(2’L - 1)dp1+P2 :t](QTL - 1)dpl+p2}a (17)

where 2d,, 1, is the intersymbol distance*. Once again, we
suppose the RQAM constellation energy to be unitary, from which
the expression of dp, 1, is obtained as follows:

op1—1 . op2—1
1 (20 —1)2 (2n —1)?
d2 = Z op1—1 + Z op2—1 ° (18)
P1+p2 i=1 n=1

We can easily demonstrate that this intersymbol distance can
be expressed as a function of the intersymbol distances of the
constituant unitary PAM constellations (i.e., unitary 2P'- and 2P2-
PAMs) as folllows:

19)

The Gray labeling for a 2P1*P2-QAM constellation is then con-
structed as follows :

e Step I: Along the x-axis, Gray-label the real part of c,,
(which represents a non unitary 2P'-PAM this time) using
the same process for PAM Gray-labeling. The first p; MSBs
by*by" - - - by are thereby fixed.

o Step 2: Along the y-axis, Gray-label the imaginary part of c,,
(which represents a non unitary 2P2-PAM as well) using again
the very same process for PAM Gray-labeling. The remaining
p2 bits by b7 o< by are thereby fixed.

o Step 3: Adjunct the two groups of bits created in Steps 1
and 2, one next to the other. This completes the construction
of the 2P1TP2_.QAM constellation starting from two Gray-
coded 2P1- and 2P2-PAM constellations constructed using the
Gray-labeling process for PAM modulations presented in the
previous subsection.

4The intersymbol distance for RQAM is defined by two integers, one for each
dimension.



It is straightforward to show that this construction yields,
from its use of two Gray-labeled PAM constellations, a Gray-
labeled RQAM constellation. Since the coded bits are assumed
independent, the real and imaginary parts of a rectangular 2P Pz-
QAM constellation symbol are also independent:

Plag=én] = Pl((R{zx}, S{ax}) = R{én}, S{ém )]
= P[R{zp} =R{¢n}] x P[S{ar}=S3{én}].

Treating the real and imaginary parts of the symbol ¢, like two
PAM constellations and defining as in (14):

(20)

p1—1

i Rfen )2 [[ @ D77, Vencc, @D
=1
p1+p2—1 ., Ly(k)
ik (S{em ) 2 H e(%m_l)T, Ve, € C, (22)
l=p1+1
we can deduce, like in the PAM case, that:
pe(R{Gm}) = e (=R{ém}), Vém €C, (23)
Nk(%{ém}) = Nk(_s{ém})a Vém eC. (24)
Then, we have:
m( )
PR{z} =+R{En}] = Br1 pe(R{Cn}) e : (25)
4 Epitpa (™)
PlS{ar} =2S3{En}] =B 1k (S{em}) e > (26)

The above equations form the complete set of APPs for each
symbol x;. Note here that all the manipulations we have carried
out previously to obtain the expressions for the APPs are intrinsic
to the Gray-coded constellation only and do not need any assump-
tion about the specific encoder used at the transmitter. Therefore,
the CA CRLBs derived in this paper are actually valid for any
coded transmission in general. In the evaluation of the CA CRLBs,
however, as will be seen later, one needs accurate estimates for
the bits’ LLRs. And such estimates are obtained in turbo-coded
systems from the output of the SISO decoder that is necessarily
specific to the chosen codec (coder-decoder) implementation.

IV. FACTORIZATION OF p|[yy; 6]

Recall from (5) that an explicit expression for the global LLF,
L(y;6) = In (ply; 6]), must be found before being able to derive
the analytical CRLBs. Actually, since the coded bits are assumed to
be statistically independent (due to the large-size interleaver), the
transmitted symbols (which are simply some soft representations
for different blocks of these bits) are also independent, thereby

leading to:
ko+K—1

IT »plys: o)

k=ko

27)

Consequently, the global LLF breaks down to the sum of the ele-
mentary LLFs (pertaining to each received sample), i.e., L(y; ) =

Z":Zf*lln (p[yk.;(i]). Then, it can be seen from (1) that the
pdf of each received sample, ¥y, parameterized by the unknown

parameter vector, 4, is given by:

yk7 ZP J?k—Cm [yka a‘xkzcm}
cmGC
‘yk_ﬂg¢wcﬂJ2
= ] exp {202 RENET)

cm€C

in which we use the shorthand notation S, £ Sel(27¥+%) Then,
denoting the inphase (I) and quadrature (Q) components of the
received sample, respectively, as I, = R{y.} and Q1 = S{y.},
it can be shown that the pdf in (28) can be rewritten as follows:
29
202 29)
in which the term Dg(k) is defined as:
2
} (30)
cm €C
m 5’ v
X exp{{C y§ 2 }}
o

5= ! Ii + Q3

i) = oz expd D (),

Ds(k) = E Plzy = c;p] ex _752|cm|
é k m p 252

A. LLF for PAM signals:

The term Dj(k) defined in (30) needs to be further developed
in order to derive the analytical expressions for the considered
CRLBs. When M =2P for any p>1 (i.e., general PAM constella-
tions), we have C = {£(2i — 1)dp},_, , where 2d,, is the

intersymbol distance. Now by denoting C = {+(2i — 1)d p}zp '
the subset of the alphabet that consists of the points which lie in the
right sub-plane of the constellation, one can write C = C U (—C).
Therefore, replacing the probabilities Plxy = =+¢é,,] by their
expressions in (16), injecting these APPs in (30) and using the
identity e® + e~* = 2cosh(x), it can be shown that:

2p—17

2
26k2exp{ s }uk(ém) (31
Em€C
¢
xcosh(éR{cm kaS’eJ boLy( k))
o 2

It can also be shown that p(¢,,) can expressed as a recursive
function of ¢ as follows:

M (@n) =0k p(Z) (32)

The initialization for p= 1 (i.e., the basic BPSK constellation) is
given by 0, 1(.)=1, since uk(cm) =1V &, € C,. Now, the term
Ds(k) can be ultimately written as follows:

Ds (k) =28k Fp(ur), (33)
where F),(.) is given by:
2 §2(2i — 1)2d2
Z Or,p(i) exp 272 (34)
xcosh<( gdpster(k)).
o 2

where wy, defined as up=R {y;e’(*T2™¥)} can be expressed as:
uy, = I, cos(2mkv + ¢) + Q. sin(2mkv + ¢). (35)
Finally, the LF of y; is given by:

eXp{— M} 268k Fp(ug).  (36)

2mo? 202

If we also define v, £ {y;ej (¢+2’T’“”)}, which can be developed
into:

plyr; 6] =

vg = I sin(2mkv + ¢) — Qy, cos(2mkv + ¢), (37)



using the fact that I? + Q% = uj +v}, it can be shown that plyy; 6]
itself is factorized as follows:

plyk; 0] = pluw; d]p[vk; 4], (38)
where the pdfs of uj and vy are given by:
p[uk;é] = P exp{%}Fpa(uk) (39)
V2mo?
1 2 }
U O exp{ ——£ b (40)
pload] = e {- 1L
with
1 1
Be = 55 (41)
2p lljl cosh (L;(k)/2)"
Moreover, we have ply;e? 2™ v+9):§] = pluy,vx; 8] since uy

and vy, are indeed the real and imaginary parts of yje’ @rkvtd),
Furthermore, since the synchronization parameters ¢ and v are
assumed to be deterministic, we readily have p[yje! 2™ +9); §] =
p[yka 6} - p[yk7 6] This leads to p[ukv VL3 6] = p[yka 6} Wthh is
combined with (38) to yield:

plug, ve; 0] = plug; d]pluy; ], (42)

meaning that u; and v, are indeed two independent random
variables (RVs) which are distributed according to (39) and (40).

B. LLF for ROAM signals:

In the following, we will factorize the pdf p[yx;d] in the R-
QAM case. Furthermore, since the synchronization parameters ¢
and v are assumed to be deterministic, we readily have p[yy; 8] =
ply;; 8] = plyje?®™kv+@); §]. On the other hand, since:

Yy = S wped FTRVTO) 4oy (43)
we can establish that:
yi eg(2ﬂku+¢7) S xk +wk7 (44)

where 1), £ wje/?™kv+¢) We can now underline the following
properties:

e Since wy is a circular additive white gaussian noise
(CAWGN), wy, is a complex CAWGN with independent real
and imaginary parts.

o Since the coded bits are assumed to be independent, the real
and imaginary parts of xj, are independent. Consequently, the
real and imaginary parts of S x} are independent.

o The noise samples wy and the transmitted symbols x; are
independent. Hence, so are w;, and S x}.

Owing to these properties, we can deduce that %{y,’:ej (2””*“’)}
and S{y;e/®™+9)} are independent. And these quantities are
nothing but u; and vy defined in the previous subsection. Hence,
we have:

45

where, in this case, u; and vi, now have the following distribu-
tions:

Plyk; 8] = plus; 8]p[vg; 6],

20y u?

pluk; 6] = 57’:_;2 exp {—%‘]“2} F,, s(uk), (46)
2 v?

p[Uk; 6] = 571;52 exp {%fg} sz,&(vk)a (47)

with
1 4 1
Bri=s || —F (48)
271 -} cosh (£455)
1 p1+p2 1
ﬁk,? = o H T LR (49)
2% i cosh (F5)
where, in (46) and (47), we resort to the same function F), 5(z)

used in the case of PAM constellations, yet with sums over p;
terms for ug and po terms for v, in the RQAM case. Also the
additive term inside the cosh changes from L"2(k) in the PAM

case to L“T(k) (last bit of the first group of bits) and _L%”Z(k)
(last bit of the second group of bits) for uj and vy, respectively,
in the RQAM case’.

The above factorization of p[yy; d] is actually the cornerstone
result behind enabling for the very first time the derivation in
the next section of the analytical expressions for the considered
stochastic CRLBs over RQAM® transmissions.

V. DERIVATION OF THE CA CRLBsS

Our starting point is the expression of the FIM elements defined
in (5). And we are now ready to find the explicit expression for
the global LLF, L(y;d) = In(p[y; d]). In fact, by injecting (36) in
(27), it follows that:

ko+K—1 12 + Q2
L(y;8)=—Kn (2r0) + Y In(Ds(k)) —%. (50)
k=ko

A. Derivation of I(6):

1) PAM constellations: For PAM constellations, after recalling
that Ds(k) = 28, F), s(ur) and dropping all the terms which are
irrelevant when deriving with respect to the couple ¢, the LLF
defined above becomes:

ko+K—1
Ly:6) = D In(Fpaur). (51)
k=ko
The FIM term pertaining to the phase ¢ is then given by:
02 In(p P il (g2 In(Fy(ug))
A 2 E{ e H

The first diagonal term of I(d), denoted as 7, =

E {0?In (F,(ux))/0¢?}, is obtained in this case as follows:
Mo () = =4pPi p(p), (53)
where @y, ,,(.) is given by:
d2 +00 4,2 t, .2
Bup(p) = D2 / XeptP) gy sy
V 2 —00 (Sk,p(tvp)

—L k) . . " "o
%"’() is due to the minus one "—1" in

5The minus one "—1" in the
v = =8 Mok} + S{wg}.

®Decomposing it into two terms analogous to the PAM term in the PAM LF,
which will turn out to be simple to handle in the FIM elements calculations.



where, by using w( ) (@) 2 (20 — 1)1y, (i) e @1 43P the
functions 0 (., .) and Xk,p(tap)('a .) are given by:

2r—t

Okp(p,t) Zw i)cosh(t; ), (55)
2p—t

Xk.p(t, p) Z w(l) )sinh(t; ) - (56)

where t; , = \/2p(2i—1)d,t + #

2) ROAM constellations: The first diagonal term of I(d) is
composed of two terms. The first one, defined as v, =
E {6?In (F,, (u))/0¢?}, can be obtained after some algebraic
manipulations as:

k k 1
Vk,p1 (p) = 4C§ ;QP [6(2 z)np — 20y, (p) ( ® + p) 57
2¢ 2 sP2
where
2”1 -1
Cgklz = 526k, dpy 4> Slnh Z Orp, (1)(20 —1).  (58)

The second term, i, = E{a2 In (Fp, (vk))/&b?}, can be
easily deduced from the expression of 7, (p) in (57). This is
due to the apparent symmetries in the pdfs of the two RVs u;, and
Vg, as seen from (46) and (47), leading to:

k 1
Yipa (p) = 4y, p [C§ ) P =285, (p) <2 0 +p> , (59)

€2,p1

where in this case, we use dj,, p, instead of d;, in both @y, ,, (p)
and @y, ,,, (p). Lastly, the first diagonal element of the FIM follows
immediately as:

21 _ ko+K—1
—E{W}: > [ Vo () + Ve () -

k=ko

(60)

Deriving the other elements using equivalent manipulations and

defining Q4 (p) £ —Ykp, (p) = hp2 (p) for RQAM and Qy(p) =
—nk.p(p) for PAM, we obtain an analytical expression for the FIM

as follows:
ko+K—1
omt ami) = 2 10

ko+K—1

= >l

k=ko
where I(8) is the FIM pertaining to the k' received sample.
We underline here the fact that the FIM associated with the
synchronization parameters depends on the first time index kg
as seen from (61). Such dependency on the observation window
has been previously reported in the literature even in the NDA
case. Likewise, we obtain in CA estimation different bounds as
ko varies. Our interest is focused on the best bound which is
obtained when the square of the off-diagonal elements is negligible
compared to the product of the diagonal ones, i.e., when ¢ and v
are decoupled. We verify by simulations that ¢ and v turn out to be
decoupled when the set of sampling indices is centred around zero,

21k

(27k)? 61

ie., ko = —Q In this case, the CRLBs’ expressions reduce to:
1 K-—1 ) -1
CRLBea(r) = 5,55 (D, s 2u0) (@)
K—1 -1
CRLBea(6) = (2,7 (o)) - (©3)
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—6— 2x4-8-QAM Empirical CA
4-QAM Analytical CA
4-QAM Empirical CA
MCRLB

5 5
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Fig. 1. Analytical and empirical CA CRLBs of: a) the phase, and b) the CFO, for
different RQAM modulations and coding rate R. = 1/3.

We notice that the FIM of (¢, v/) is independent of ¢ and v, which
means that the best achievable accuracy (i.e., CRLB) is of the same
level regardless of the values taken by ¢ or v.

VI. SIMULATION RESULTS

In this section, we illustrate by simulations the new closed-
form CRLBs of the different parameters with various modulation
orders and different coding rates using K = 3270 coded symbols
each time. The turbo code consists of two identical RSCs both of
nominal rate Ry = 1/2 and of generator polynomials (1,1,0,1) and
(1,0,1,1), respectively. The puncturer is configured so as to obtain
the desired overall coding rate R.. For the tailing bits, the size of
the RSC encoders memory is fixed to 4.

In order to evaluate the obtained CA estimation CRLBs, the
extrinsic information delivered by the SISO decoder is used to
evaluate the bit LLRs, L;(k). Once having the LLRs at hand, it is
possible to evaluate all the quantities involved in the expressions
of the new bounds. In all simulations, we use the extrinsic
information obtained at the 8" turbo iteration. In fact, the latter
are iteratively exchanged between the two SISO decoders until
achieving steady state after which the aforementioned soft values
remain almost unchanged.

We start by verifying in Fig. 1 that the newly obtained closed-
form expressions for the CA CRLBs coincide with their empirical
counterparts obtained previously in [9, 10] for both ¢ and v.
Indeed, an extremely large number of noisy observations was
generated in order to find an empirical value for the expectation
involved in the FIM for the considered parameters. In contrast,
our new closed-form expressions allow the immediate evaluation
of the CRLBs from any turbo-coded PAM and RQAM signals.
Furthermore, we observe that there is no strict order relationship
holding over the entire SNR range between the CRLBs and the
modulation size (i.e., the former increasing with the latter) in the
most general case of RQAM modulations mixing both square and
non-square QAM. However, within each of these two sub-classes,
such order relationship holds indeed (i.e., 8-QAM<32-QAM and
4-QAM<16-QAM).

We plot in Fig. 2 the CA CRLBs for different PAM modulation
orders. As expected, we verify that the CA CRLBs are smaller
than the NDA CRLBs derived recently in [8]. This predicted result
highlights and quantifies the potential estimation performance gain
that could be achieved by leveraging the information about the
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Fig. 2. Analytical CA and NDA CRLBs of: a) the phase, and b) the CFO, for
different PAM modulations and R. = 1/3.
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Fig. 3. Analytical CA CRLBs of : a) the phase, and b) the CFO, and for different
coding rates and 2x4-8-QAM modulation.

transmitted bits one could gather during the decoding process. It is
in contrast with the traditional NDA scheme where the considered
parameters are estimated directly from the output of the matched
filter. Additionally and most prominently, the CA CRLBs decrease
rapidly and reach the DA CRLBs, the ideal bounds that would be
obtained if all the transmitted symbols were perfectly known to
the receiver, which are given by:

1

MCRLB = { 287

@r)PK(K? — 1)p
We also notice that the CA CRLB for the 4-PAM modulation is
distinctly lower than the CA CRLB for higher orders. In fact, when
the order is greater than 4, all CA CRLBs start to approach each
other very fast to the point where we can hardly notice any visible
improvement from using higher-order PAM. Similar performance
behavior has been previously reported [8,13] in the case of NDA
estimation.

In Fig. 3, we illustrate the effect of the coding rate on the turbo
estimation performance by plotting the CRLBs with 2x4-8-QAM

modulation and the two coding rates R. = 0.3285 =~ % and

for the phase,
(64)
for the CFO.

R, = 04892 ~ % Even though the CA CRLBs corresponding
to the two considered rates ultimately coincide at moderate SNR
levels, they exhibit a significant gap at lower SNR values. In fact,
with smaller coding rates, more redundancy can potentially be
provided by the turbo encoder and the bits could then be decoded
more accurately. In this case, the extrinsic information, which is
used to approximate the LLRs, becomes increasingly higher (in
absolute value) and CA estimation becomes even closer in CRLB
performance to DA estimation.

VII. CONCLUSION

In this paper, we established for the first time analytical expres-
sions of the CRLBs for joint channel phase and CFO estimation
from turbo-coded PAM- and RQAM-modulated signals over flat-
fading channels. The properties of Gray-labeled PAM and RQAM
constellations enabled us to simplify the LLF and calculate the
FIM elements and, hence, the considered CRLBs in closed-form.
The obtained bounds coincide with the empirical ones already
reported in the literature and range between the NDA and DA
CRLBs, thereby highlighting and quantifying the advantage of
CA over NDA or DA estimation. At high SNR, the CA CRLBs
coincide with the DA bounds thereby implying near-optimal CA
estimation performance in that regime. With PAM signals, the
CRLBs saturate when the modulation order increases, meaning
that no further losses in estimation accuracy occur from use of
higher-order PAMs. Besides, within square-QAM or non-square-
QAM RQAM signals, we verify that the CRLBs increase with
either the modulation order or the coding rate.
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