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Abstract—In this paper, we present a new time delay estima-
tor for multipath environments using the importance sampling
(IS) method. The new technique allows finding the maximum
of the compressed likelihood function in an efficient manner.
The main idea consists in generating realizations of a random
variable distributed according to a function that approximates
the actual compressed likelihood function and then computing the
mean of the plausible realizations. We avoid eigen-decomposition
operation that is widely used in the conventional high-resolution
methods. We show through computer simulations that the new al-
gorithm provides accurate estimates for closely spaced unknown
time delays. Moreover, the method does not suffer from lack
of convergence and initialization problems that arise with other
iterative implementations of the maximum likelihood estimator.

Index Terms—Timing recovery, Monte-Carlo methods, opti-
mization methods, maximum likelihood (ML) estimation, high-
resolution methods.

I. INTRODUCTION

Time delay estimation is an important problem with appli-
cations in many areas such as radar, underwater acoustics and
wireless communication system, etc. Traditionally, time delay
estimation is accomplished by matched filter or correlation
techniques. The performance of such procedures is inversely
proportional to the signal bandwidth and they cannot separate
paths with closely spaced delays [2]. Nevertheless, the sepa-
ration of closely spaced delays has been studied intensively
and many high-resolution algorithms have been proposed to
accomplish this task. In this context, it is well known that
the maximum likelihood (ML) estimator is asymptotically
(in the sense of large number of snapshots) efficient and
achieves the well known Cramer-Rao lower bound (CRLB)
especially for moderate and high SNR values. Nonetheless,
many existing procedures of finding the ML estimates can be
daunting because of their numerical complexity and computa-
tional burden. In fact, the straightforward implementation of
the ML criterion is based on a multidimensional grid search
whose complexity increases with the number of parameters.
Some other proposed methods tried to solve the ML problem
in an iterative manner [3]. On the other hand, suboptimal
techniques based on the signal subspace, such as MUSIC
and ESPIRIT, which have been successfully applied to the
estimation of other parameters such as directions of arrival,
were also translated to the time delay estimation problem.
Indeed, a direct application of the MUSIC algorithm was
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earlier proposed in [4] with not much performance gain with
respect to the correlation-based methods. An analogy between
time delay and frequency estimation problems was also found
by Hou and Wu in [5] where the problem of time delay
estimation has been formulated in the frequency domain.
Later on, high-resolution methods for frequency finding were
successfully applied to time delay estimation [6, 7]. However,
the performance of all these estimators is severely affected
by the bandwidth of the transmitted signal. Moreover, all
these methods demand the computation of the autocorrelation
matrix from large number of received data. Motivated by these
facts, an alternative approach is proposed in this paper where
grid search, iterative and eigen-decomposition operation are
avoided. We implement the ML estimator using the concept
of importance sampling (IS) which has been shown as a
powerful tool to perform ML estimation of multiple unknown
parameters. IS-based ML estimators were already derived and
successfully implemented for the estimation of other crucial
parameters such as the direction of arrival (DOA) [8] or more
recently for the joint DOA-Doppler frequency finding [9].
While these results were primary established in the context
of antenna arrays, we consider the IS-based ML time delay
estimation in completely unknown multipath environments. It
will be shown that the new method allows accurate estimation
of the time delays even at low SNR values.
The remainder of this paper is organized as follows. In section
II, we present the system model and derive the compressed
likelihood function of the received signal in active systems. In
section III, the global maximization method that will be used is
described. Then we introduce in section IV the IS technique
which will be used in section V for the estimation of the
delays. The newly proposed algorithm is applied to passive
systems in section VI and simulation results are discussed in
section VII. Finally, some concluding remarks are drawn out
in section VIII.

II. SIGNAL MODEL AND COMPRESSED LIKELIHOOD

FUNCTION

In a multipath environment, the received signal is a super-
position of multiple delayed replicas of the known transmitted
waveform. It is usually modeled as follows:

y(t) =
P∑

i=1

αix(t − τi) + w(t), (1)
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where P is the number of multipath components, x(t) is
the a priori known transmitted waveform, w(t) is an ad-
ditive noise and α = [α1, α2, . . . , αP ]T are the un-
known path amplitudes resulting from scatter characteristics
and propagation fading through the medium. In addition,
τ = [τ1, τ2, . . . , τP ]T are the unknown time delays to be
estimated. At the receiver side, the received signal is passed
through an ideal lowpass filter of bandwidth Fs/2, where Fs

is the sampling frequency sampled at a rate Ts = 1/Fs. The
sampled signal can be written as:

y(nTs) =
P∑

i=1

αix(nTs−τi)+w(nTs), n = 0, 1, . . . , N−1,

(2)
where N represents the total number of available samples.
In the context of array signal processing, it was recently shown
that the IS-based ML estimator can separate closely spaced
DOAs in [8]. In the sequel, we apply the IS principle to the ML
time delay estimation. However, this method is more suitable
for the typical class of general linear models (GLM) having
the following form:

y = Φ(τ )s + w (3)

where y is the noise corrupted observation vector which
depends on the unknown parameters s and τ linearly and non-
linearly, respectively. The original input-output relationship in
(2) does not allow a direct formulation which is analogous to
(3). Therefore, the received samples are transformed into the
frequency domain where the model could be expressed in a
matrix form. In fact, taking the discrete Fourrier transform of
(2), we obtain:

Y (k) =
P∑

i=1

αiX(k) exp{−j2πkτi

N
} + W (k), (4)

where {Y (k)}N−1
k=0 , {X(k)}N−1

k=0 and {W (k)}N−1
k=0 are

the discrete Fourier transforms (DFTs) of {y(nTs)}N−1
n=0 ,

{x(nTs)}N−1
n=0 and {w(nTs)}N−1

n=0 , respectively. To bring the
problem model into the form of (3), we denote Y =
[Y (0), Y (1), . . . , Y (N − 1)]T and we formulate a compact
representation of (4) as follows:

Y = Φa(τ )α + W , (5)

in which the matrix Φa(τ ) depends only on the unknown
delays gathered in the vector τ and is given by:

Φa(τ ) = [φa(τ1), φa(τ2), . . . , φa(τP )], (6)

with the columns {φa(τi)}P
i=1 being defined as:

φa(τi) = [S(0), S(1)e−
j2πτi

N , S(2)e−
j2π2τi

N . . . ,

S(N − 1)e−
j2π(N−1)τi

N ]T , (7)

and S = [S(0), S(1), . . . , S(N − 1)]T and W =
[W (0), W (1), . . . , W (N − 1)]T are the N × 1 vectors con-
taining the DFT coefficients of samples corresponding to the
known transmitted pulse and the additive noise components,
respectively.
In this work, the Gaussianity of the noise is not needed, since

the noise samples are obtained from any continuous time
process. But since for each k the Fourier coefficient W (k)
is simply a weighted sum of these samples, then according to
the central limit theorem, W (k) can be modeled as a Gaussian
random variable for a sufficiently large number of received
samples. Consequently, following the same arguments of [10],
the likelihood function of the active model (5) is given by:

Λ(τ ,α) ∝ p(Y ; τ ,α) =
1

πMσ2M
W

exp

{
− 1

σ2
W

×

(Y − Φa(τ )α)H (Y − Φa(τ )α)

}
, (8)

where p(Y ; τ ,α) is the probability density function (pdf)
of Y parameterized by τ and α and σW is the variance
of W (k). Traditionally, the ML solution τ̂ML is obtained
by maximizing the likelihood function in (8) with respect to
τ . However, Λ(τ ,α) depends on τ and α and their joint
estimation is computationally intensive. Therefore, it is of
interest to obtain a likelihood function that depends only on
τ . To that end, we consider the nuisance parameter, α, as
deterministic but unknown and substitute, in (8), α by the
solution α̂(τ ) which maximizes the log-likelihood function
L(τ ,α) = log {Λ(τ ,α)} for a given τ . Actually, it can be
shown that α̂(τ ) is given by:

α̂(τ ) = (Φa(τ )HΦa(τ ))−1Φa(τ )HY . (9)

Substituting α by α̂(τ ) in (8) and omitting the terms that do
not depend on τ , we get the so-called compressed likelihood
function of the system as follows:

Lc(τ )=
1

σ2
W

Y HΦa(τ )
(
Φa(τ )HΦa(τ )

)−1

Φa(τ )HY . (10)

III. GLOBAL MAXIMIZATION OF THE COMPRESSED

LIKELIHOOD FUNCTION

Our goal is to maximize Lc(τ ) over the unknown parameter
τ . The direct implementation of this optimization problem
requires a multidimensional grid search whose complexity
increases exponentially with the number of parameters to be
estimated. Many alternative approaches have been proposed to
solve multidimensional optimization problems with relatively
good performance. But, most of these alternatives are iterative
and therefore require good initialization, otherwise they may
not converge to the true maximum.
In this context, Pincus proposed an alternative approach that
guarantees obtaining the global maximum of a multidimen-
sional function. According to this theorem in [11], the global
multidimensional maximum τ̂ = [τ̂1, τ̂2, . . . , τ̂P ]T of the cost
function Lc(τ ) is given by:

τ̂i = lim
ρ→∞

∫
J

. . .
∫

J
τi exp {ρLc(τ )} dτ∫

J
. . .

∫
J

exp {ρLc(u)} du
, (11)

where J is the interval in which the delays are confined.
Defining the pseudo-pdf L′

c,ρ0
(τ ), for some large value of

ρ0, as:

L′
c,ρ0

(τ ) =
exp {ρ0Lc(τ )}∫

J
. . .

∫
J

exp {ρ0Lc(u)} du
, (12)
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the optimal value of τi is:

τ̂i =
∫

J

. . .

∫
J

τiL
′
c,ρ0

(τ )dτ , i = 1, 2, . . . , P. (13)

In fact, as ρ0 tends to infinity, the function L′
c,ρ0

(τ ) becomes
a P -dimensional Dirac function centered at the location of the
maximum of Lc(τ ). L′

c,ρ0
(τ ) is designated as a pseudo-pdf

since it has all the properties of a pdf although τ is not really a
random variable. Yet, the formulation given in (13) requires the
evaluation of a multidimensional integral (a direct integration
remains always difficult if not impossible). Alternatively, τ̂i

can be interpreted as the expected value of τi, the ith element
of the vector τ that is distributed according the pseudo-pdf
L′

c,ρ0
(τ ). This kind of expectation can be efficiently evaluated

using Monte-Carlo methods as follows:

τ̂ =
1
R

R∑
k=1

τk, (14)

where {τk}R
k=1 are R vector realizations of τ generated

according to L′
c,ρ0

(τ ). In this way, the integration in (13)
is substituted by a simple samples average. Clearly, as the
number of generated values R increases, the variance of
the sample mean becomes smaller. But one should find a
way to easily generate realizations according to Lc,ρ0(τ ).
Unfortunately, the introduced pseudo-pdf L′

c,ρ0
(τ ) is non-

linear with respect to the parameter of interest, τ , and is not
suitable for easy generation. To overcome this problem, we
consider a simpler pseudo-pdf and resort to the concept of IS
to remove the bias of the estimates.

IV. THE IMPORTANCE SAMPLING TECHNIQUE

It has been shown that the IS method is a powerful tool
to compute multidimensional integrals of type (13) in an
efficient manner [12]. The main idea is based on the following
observation:∫

J

. . .

∫
J

f(τ )L′
c,ρ0

(τ )dτ =
∫

J

. . .

∫
J

f(τ )
L′

c,ρ0
(τ )

g′(τ )
g′(τ )dτ ,

(15)
where g′(τ ) is another pseudo-pdf, called normalized impor-
tance function (IF) and f(.) is a given function. Then, the

left-hand side of (15) is simply the mean of f(τ )
L′

c,ρ0
(τ )

g′(τ ) if τ

is generated according to g′(τ ). Therefore, it is of interest
to choose g′(τ ) to be a simple function of τ that should
also remain similar to the original pseudo-pdf L′

c,ρ0
(τ ). Then,

we use Monte-Carlo methods to numerically compute the
multidimensional integrals in (15) as follows:∫

J

. . .

∫
J

f(τ )
L′

c,ρ0
(τ )

g′(τ )
g′(τ )dτ =

1
R

R∑
k=1

f(τk)
L′

c,ρ0
(τk)

g′(τk)
,

(16)
where τk is now the kth realization of τ according to g′(.).
Clearly, the estimation performance depends on the choice of
R and g′(.). While large values of R improve the estimation
accuracy, they also result in higher computational complexity.
In practice, the value of R depends on the choice of g′(.).
Typically, the shapes of the pseudo-pdfs L′

c,ρ0
(.) and g′(.)

should be similar to reduce the variance of the estimates

given by (16) [8]. On the other hand, the normalized IF, g′(.),
has to be simple enough so that realizations according to g′(.)
can be easily generated. Clearly, between choosing a function
similar to L′

c,ρ0
(.) and a simple one, some tradeoffs must be

considered and next we discuss the appropriate selection of
this IF.
First, it can be seen from (10) that the term(
Φa(τ )HΦa(τ )

)−1

makes the actual compressed likelihood

function, Lc(.), or equivalently L′
c,ρ0

(.), non linear with
respect to τ . Therefore, it would be of great interest if one
can avoid the matrix inversion operation. In fact, the diagonal
elements are given by:

[(Φa(τ )HΦa(τ ))]l;l =
N−1∑
k=0

|S(k)|2, l = 1, 2, . . . , P, (17)

whereas the off-diagonal elements Φa(τ )HΦa(τ ) are:

[(Φa(τ )HΦa(τ ))]m;n =
N−1∑
k=0

|S(k)|2 exp
{

j2πk(τm − τn)
N

}
,

m, n = 1, 2, . . . , P. (18)

We can verify, for τm �= τn, that:∣∣∣[(Φa(τ )HΦa(τ ))]m;n

∣∣∣ < [(Φa(τ )HΦa(τ ))]m;m. (19)

Therefore, the diagonal elements of Φa(τ )HΦa(τ ) are dom-
inant compared to its off-diagonals ones and Fig. 1 con-
firms this result with high probability. So, a good ap-
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Fig. 1. Complementary cumulative distribution function of the ratio (18)/(17).

proximation of
(
Φa(τ )HΦa(τ )

)−1

is the diagonal matrix

(
∑N

k=1 |S(k)|2)−1Ip, where Ip is the p × p identity matrix.
Thus, we define the IF gρ1(.) in the active case as:

gρ1(τ ) = exp

{
ρ1

σ2
W

∑N
k=1 |S(k)|2

Y HΦa(τ )Φa(τ )HY

}

=
P∏

i=1

exp

{
ρ1

σ2
W

∑N
k=1 |S(k)|2

I(τi)

}
, (20)

where ρ1 is another constant different from ρ0 and I(τi) is the
periodogram of the data in the frequency domain evaluated at
the delay τi as follows:

I(τi) =
∣∣∣ N∑

k=1

S(k)∗Y (k) exp
{

j2π(k − 1)τi

N

} ∣∣∣2. (21)
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A further discussion on the appropriate choice of ρ0 and ρ1

can be found at the end of this section.
Actually, this choice for the IF in (20) presents many ad-
vantages. First, we notice that the joint contribution of the
different delays in gρ1(.) is split into the product of their indi-
vidual contributions as seen from (20). Hence, the generation
of a realization of the vector τ reduces to the generation
of P independent scalar realizations (i.e., one realization
for each entry of τ ) using gρ1

(τi), the normalized version

of exp
{

ρ1

σ2
W

∑ N
k=1 |S(k)|2 I(τi)

} (
g′ρ1

(τ ) =
∏P

i=1 gρ1
(τi)

)
.

Moreover, the multiplicative terms S(k), k = 1, 2, . . . , N
act as weighting factors and they attenuate the contribution
of the low-SNR frequencies in the computation of I(τi). This
property may widen the application of the proposed algorithm
to narrowband signals. Note also that this property improves
considerably the performance of the estimator when compared
to other approaches where the received signal is divided, in
the frequency domain, by the known transmitted signal [7]. In
fact, this operation usually results in some harmful effects by
amplifying the noise for the low-energy frequencies. Indeed,
while these techniques exhibit good performance for signals
with large bandwidth and flat spectra, their performance depre-
dates dramatically for narrowband signals. Finally, we rewrite
the normalized IF as follows:

g′ρ′
1
(τ ) =

∏P
i=1 exp {ρ′1I(τi)}∫

J
. . .

∫
J

∏P
i=1 exp {ρ′1I(ui)} dui

, (22)

with
ρ′1 =

ρ1

σ2
W

∑N
k=1 |S(k)|2

. (23)

Recall that the parameters ρ′1, as well as ρ0 are of great im-
portance and impact seriously the new estimator performance.
In fact, as already mentioned, g′ρ′

1
(τ ) can be split into the

product of P elementary IFs corresponding to each τi and
hence we use gρ′

1
(τ) P times to generate the P elements of τ .

In theory, gρ′
1
(τ) exhibits P lobes centered at the locations of

the different delays and at each run, a realization is generated
from the vicinity of one of the P lobes. However, in practice
other secondary lobes appear and affect the generated values.
To circumvent this problem, we may increase ρ′1 indefinitely so
that the unwanted lobes disappear. But it turn very large values
of ρ′1 may also destroy some useful lobes and therefore useful
realizations may not be generated. This is why ρ′1 should be
chosen judiciously. Actually, the optimal value of ρ′1 is the
highest one for which gρ′

1
(.) has at least P lobes1. Moreover,

a good choice of ρ′1 may allow us to reduce the number
R of required realizations since it reduces the probability
of generating undesired realizations. However, as previously
mentioned, the global IF g′ρ′

1
(τ ) is built upon an approximation

of the actual compressed likelihood function and this results
in a biased estimate of the delays. This bias is effectively
avoided by the weighting factor L′

c,ρ0
(τ )/g′ρ′

1
(τ ) in (15).

Therefore, we have to minimize the contribution of g′ρ′
1
(τ )

in the considered weighting factor by making ρ0 larger than
ρ′1.

1In theory, gρ′
1
(.) has exactly P lobes. But the noisy observations make

other lobes appear.

V. ESTIMATION OF THE TIME DELAYS

Following the developments disclosed above, the estimator
of the time delays using the IS method can be written as
follows:

τ̂i =
1
R

R∑
k=1

τk(i)
L′

c,ρ0
(τk)

g′ρ′
1
(τk)

. (24)

It is noted that the interval in which the delays are confined
depends on the nature of the system. Typically, in network
communications, the time delays are confined within the
symbol duration, whereas for radar or sonar transmissions,
the actual delays introduced by the channel may exceed the
symbol duration, but it can be assumed that they do not exceed
L, where L is some positive real number. To unify both cases,
we suppose that τi, for i = 1, 2, . . . , P are contained in
[0, L]. Therefore, it is more convenient to use the circular mean
since the parameters are bounded from below and above.
To introduce the concept of circular mean, define a circular
random variable X taking values in the finite interval [0, 1]
with pdf G(X). The circular mean of X is defined as:

Ec{X} =
1
2π

∠
∫ 1

0

exp{j2πx}G(x)dx (25)

where the operator ∠(.) returns the angle of its complex argu-
ment. Suppose that we have R realizations of X , x1, . . . , xR,
then the circular mean in (25) is:

Ec{X} =
1
2π

∠ 1
R

R∑
r=1

exp{j2πxr}. (26)

Now we return to our estimation problem. As already men-
tioned, we look for the delays {τi}P

i=1 in [0, L]. To apply the
circular mean, the delays are normalized by L to transpose
them to the interval [0, 1]. Hence, the IS estimate of τi using
(24) and (26) is given by:

τ̂i =
1

2πL
∠ 1

R

R∑
k=1

F (τk) exp
{

j2π
τk(i)

L

}
, (27)

where F (τk) is the weighting factor defined by:

F (τk) =
L′

c,ρ0
(τk)

g′ρ′
1
(τk)

. (28)

Notice also that we only need the angle of the complex
number in the right-hand side of (27). Therefore, the two
strictly positive constants

∫
L′

c,ρ0
(x)dx and

∫
g′ρ′

1
(x)dx used

to normalize L′
c,ρ0

(.) and g′ρ′
1
(x), respectively, can be dropped.

Moreover, another challenge arises from the computational
overflow that may occur when evaluating the exponential
terms in both the numerator and the denominator of F (.). To
circumvent this problem, we replace F (.) by F ′(.) as recently
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done in [8]2:

F ′(τk) = exp

{
ρ0Lc(τk) − ρ′1

P∑
i=1

Ii(τk(i))−

max
1≤l≤R

(
ρ0Lc(τl) − ρ′1

P∑
i=1

Ii(τl(i))
)}

. (29)

VI. TIME DELAYS ESTIMATION IN PASSIVE SYSTEMS

Under the assumption of an unknown transmitted signal,
only the time difference of arrival (TDOA) can be estimated
by using multiple received signals at spatially separated des-
tinations [1]. One received signal at any sensor is designated
as a reference and the other replica are compared to. In the
sequel, we assume for simplicity the presence of two such
sensors. The received signal on each one is represented as
follows:

y1(t) =
P1∑
i=1

α1;ix(t − τ1;i) + w1(t), (30)

y2(t) =
P2∑
i=1

α2;ix(t − τ2;i) + w2(t), (31)

where {τn;i}Pn
i=1 and {αn;i}Pn

i=1 are the delays and the complex
amplitudes of the received signal on the nth sensor and
{Pn}2

n=1 is the known number of multipath. To simplify,
suppose that y1(t) has only one signal component (P1 = 1).
Then, as in (4), we express the sampled signals (30) and (31)
in the frequency domain:

Y1(k) = α1;1X(k) exp
{
−j2πkτ1;1

N

}
+ W1(k), (32)

Y2(k) =
P2∑
i=1

α2;iX(k) exp
{
−j2πkτ2;i

N

}
+ W2(k),

k = 0, 1, . . . , N − 1, (33)

where {Y1(k)}N
k=0, {Y2(k)}N

k=0, {W1(k)}N
k=0 and

{W2(k)}N
k=0 are N samples of the Fourier transform of

samples of y1(t), y2(t), w1(t) and w2(t). As mentioned
above, the TDOA will be estimated by taking the received
signal in the first sensor as a reference. This amounts to the
estimation of the delay differences Δ(i)

τ = τ2;i − τ1;1 for
i = 1, 3, . . . , P2. Therefore, we manipulate (33) to highlight
the desired parameter:

Y2(k) =
P2∑
i=1

βiY1(k) exp

{
−j2πkΔ(i)

τ

N

}
+ Wp(k), (34)

in which
βi =

α2;i

α1;1
, i = 1, 2, . . . , P2, (35)

Wp(k) = W2(k) −
P2∑
i=1

βiW1(k) exp

{
−j2πkΔ(i)

τ

N

}
. (36)

2Another obvious solution to avoid occasional overflows is to use smaller
values for the parameters ρ0 and ρ′1, but this will affect the estimation
performance.

As observed from the system models in (4) and (34), the
formulations are essentially similar. The major difference is
in the reference signal (S for the active case and Y1 for the
passive case). Gathering all the frequency samples, we obtain
the following matrix representation:

Y2 = [Y2(0), Y2(1), . . . , Y2(N − 1)]T = Φp(Δτ )β + Wp, (37)

where the matrix Φp(Δτ ) is function of the TDOAs defined
as:

Φp(Δτ ) =
[
φp(Δ(1)

τ ), φp(Δ(2)
τ ), . . . , φp(Δ(P2)

τ )
]
, (38)

φp(Δ(i)
τ ) =

[
Y1(0), Y1(1) exp

{
−j2πΔ(i)

τ

N

}
, . . . ,

Y1(N − 1) exp

{
−j2π(N − 1)Δ(i)

τ

N

}]T

, i = 1, . . . , P2,

(39)

β =
[α2;1

α1;1
,

α2;2

α1;1
, . . . ,

α2;P2

α1;1

]T

, (40)

and
Δτ =

[
Δ(1)

τ , Δ(2)
τ , . . . , Δ(P2)

τ

]T
, (41)

is the vector of the TDOAs of interest. Therefore, it turns out
that the proposed algorithm developed primarily for active sys-
tems remains valid for passive systems as well, by substituting
φa(τ) by φp(Δτ ) and the reference signal x(t) by y1(t).

VII. SIMULATION RESULTS

In this section, we present some numerical results to assess
the performance of the new time delays estimator. For all
simulations, the transmitted pulse is a chirp signal which
is widely used in radar and sonar applications. We take
N = 70 snapshots from the received waveform. We consider
3 propagation paths with delays [3, 6, 8], normalized by
the sampling period. To properly assess the performance of
our new IS-based approach, we compare it to the expectation
maximization (EM) ML algorithm and namely the MUSIC-
type method proposed in [1] as an example of non-iterative
algorithm. In Fig. 2, we plot the performance of the three
methods as a function of the SNR for the three delays (paths).
We see that the MUSIC-type technique approaches the CRLB
as far as the SNR increases especially for the first path.
However, the new IS-based estimator outperforms it over the
entire SNR range. This is hardly surprising since the proposed
method is an implementation of the ML criterion. Moreover,
the MUSIC-type technique fails to estimate the delays of the
second and third paths from a very noisy received signal
while the newly proposed method exhibits almost the same
performance for all the unknown delays. In addition, the IS-
based estimator and the EM ML estimator perform almost
the same when the later has good initial delays estimates.
However, for less accurate initialization, the performance of
the EM algorithm deteriorates considerably over the entire
SNR range.
Moreover, as it was seen, all the treatments were performed
in the frequency domain. Therefore, the signal bandwidth

This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE Globecom 2011 proceedings.



plays an important role in the estimation procedure for both
methods. Therefore, in Fig. 3 we assess its impact on the
performance of the two estimators and indeed we see that
the latter degrades dramatically for small signal bandwidths.
Yet, the IS-based estimator still outperforms the Music-type
method over the entire considered bandwidth range. Note that
the EM ML is less sensitive to bandwidth variations. While
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Fig. 2. Estimation performance of the IS-based, EM ML and the MUSIC-
type algorithms vs. SNR.
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Fig. 3. Estimation performance of the IS-based, EM ML and the MUSIC-
type algorithms vs. signal bandwidth at SNR = 10 dB.

the proposed methods is developed under the assumption of
constant paths amplitudes, we verify through simulations that
it outperforms MUSIC-type methods over time varying chan-
nels with relatively low Doppler. Nonetheless, the performance
degrades considerably as the Doppler factor increases. In fact,
the proposed likelihood function could be considered as a
sub-optimal solution for slowly time varying channels since
it do not take account mobility. This aspect is currently under
investigation to be disclosed in the near future.
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Fig. 4. Estimation performance of the IS-based and the MUSIC-type
algorithms vs. Doppler shift at SNR = 10 dB.

VIII. CONCLUSION

In this paper, we proposed a new implementation of ML-
based multiple time delays estimation. We avoided eigen-
decomposition and grid search widely used in classical
subspace-based and iterative methods. While these traditional
methods perform well even for closely separated delays, at
high SNRs values, only the proposed IS-based technique
produces accurate estimates at low SNR. Moreover, the con-
vergence to the global maximum of the likelihood function is
guaranteed by our new estimator, unlike the previous iterative
ML methods whose performance depends on the initialization
values.
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